Maximal Elements in Compact Semigroups. by Mccharen, John Dudley, Jr
Louisiana State University
LSU Digital Commons
LSU Historical Dissertations and Theses Graduate School
1969
Maximal Elements in Compact Semigroups.
John Dudley Mccharen Jr
Louisiana State University and Agricultural & Mechanical College
Follow this and additional works at: https://digitalcommons.lsu.edu/gradschool_disstheses
This Dissertation is brought to you for free and open access by the Graduate School at LSU Digital Commons. It has been accepted for inclusion in
LSU Historical Dissertations and Theses by an authorized administrator of LSU Digital Commons. For more information, please contact
gradetd@lsu.edu.
Recommended Citation
Mccharen, John Dudley Jr, "Maximal Elements in Compact Semigroups." (1969). LSU Historical Dissertations and Theses. 1604.
https://digitalcommons.lsu.edu/gradschool_disstheses/1604
This dissertation has been 
microfilmed exactly as received 70-251
McCHAREN, J r., John Dudley, 1941- 
M AXIM AL ELEMENTS IN  COMPACT SEMIGROUPS.
The Louisiana State University and Agricultural and
Mechanical College, Ph.D., 1969
Mathematics
University Microfilms. Inc., Ann Arbor, Michigan
MAXIMAL ELEMENTS IN COMPACT SEMIGROUPS
A D is s e r ta t io n
Submitted to  the  Graduate F a c u l t y  o f  the 
L o u is ia n a  S ta te  U n iv e r s i t y  and 
A g r i c u l t u r a l  and M echan ica l C o llege  
in  p a r t i a l  f u l f i l l m e n t  o f  the 
requ ire m en ts  fo r  the  degree o f  
D o c to r  o f  P h ilosophy
in
The Department o f  M athem atics
by
John D ud ley  McCharen, J r .
B .S .,  Southwestern  a t  Memphis, 1963 
May 1969
ACKNOWLEDGEMENT
I t  i s  w i th  p le a s u re  t h a t  the a u th o r  records h is  g r a t i t u d e  
and in deb tedness  to  P ro fe s s o r  R. J .  Koch f o r  h is  encouragement 




ABSTRACT j  v
INTRODUCTION v i
0 PRELIMINARIES 1
1 LOCAL SEPARATING PROPERTIES OF MAXIMAL ELEMENTS LI
2 SEMIGROUPS ON FINITELY FLOORED SPACES 32
3 A FURTHER RESULT ON MAXIMAL IDEMPOTENTS 39
BIBLIOGRAPHY 45
VITA 47
*  •  *  i n
ABSTRACT
In t h i s  paper we in v e s t ig a t e  the  s t r u c t u r e  o f  compact
2
connected semigroups s a t i s f y i n g  S <= S by s tu d y in g  the p r o p e r t ie s
o f  maximal e lements in  S.
In chap te r  1 i t  i s  shown t h a t  an ^ -m ax im a l idem potent i n  such a
semigroup S w i th  a ze ro  cannot be a weak c u t p o in t .  Consequently
i f  an s6*maximal e lement i s  a weak c u tp o in t ,  then S = K. Our
a t t e n t i o n  is  n e x t  focused on the  lo c a l  s e p a ra t in g  p r o p e r t ie s
o f  maximal e lements in  compact connected sem igroups . I t  i s
f i r s t  shown t h a t  an sd-maximal e lem ent con ta in e d  in  SE b u t  n o t  in
K cannot be a lo c a l  s e p a ra t in g  p o in t  o f  S. Thus i f  a ^ -m ax im a l
e lement o f  S is  a lo c a l  s e p a ra t in g  p o in t  o f  S, then S = K. I f
an ^ -m ax im a l e lem ent p o f  S sepa ra tes  S l o c a l l y  and p i s  n o t
c o n ta in e d  in  SE, then p i s  a l o c a l  s e p a ra t in g  p o in t  o f  eS U fS
f o r  some idem poten ts  e and f  in  S. F i n a l l y  by us ing  these r e s u l t s ,
th e  lo c a l  s e p a ra t in g  p r o p e r t ie s  o f  maximal ^ -c la s s e s  are s tu d ie d .
I t  i s  shown t h a t  i s  n o t  a lo c a l  s e p a ra t in g  s e t  o f  S i f  S = SeS.
2
The same c o n c lu s io n  ho lds  under the  hypotheses S = S and e i s  a 
^-m axim al idem poten t p r o v id in g  t h a t  H is  t o t a l l y  d is c o n n e c te d .
In c h a p te r  2 we c o n s id e r  a c la s s  o f  " f i n i t e l y  f lo o r e d "  spaces: 
such a space adm its the s t r u c t u r e  o f  a semigroup w i th  S = ESE o n ly  i f  
S =* K. In  p a r t i c u l a r  we show t h a t  i f  S = ESE and has a ze ro ,  then
2
f o r  any non -ze ro  e lement h i n  H (S) th e re  e x i s t  a p a i r  o f  idem potents  
e and f  in  S such t h a t  h|Se U S f ^  0 .  Thus S canno t be f l o o r  f o r  
h ,  f o r  then S would equa l Se U Sf which cannot happen. Using t h i s
id ea  and the concep t o f  " p e r i p h e r a l i t y , "  we show th a t  i f  S is
a continuum  w i th  S = ESE and S i s  a f l o o r  f o r  a f i n i t e  subse t o f
H (S ) ,  then S = K. An in t e r e s t in g  consequence o f  these techn iques
is  t h a t  a maximal idem potent cannot l i e  in  the unique f l o o r  o f  an 
2
e lem ent o f  H ( S ) .
Next in  c h a p te r  3 the r e s u l t s  o f  c h a p te rs  1 and 2 are  a p p l ie d  to
g iv e  c o n d i t io n s  under which maximal idem poten ts  in  semigroups
w i th  S = ESE f a i l  to  have 2 -d im e n s io n a l E u c lid e a n  ne ighborhoods.
In p a r t i c u l a r  i t  i s  shown t h a t  a ^-m ax im a l idem poten t e cannot
have a 2 -d im e n s io n a l E uc lid ean  ne ighborhood i f  ^  i s  t o t a l l y
d is c o n n e c te d .  Now us ing  the  lo c a l  s e p a ra t in g  p r o p e r t ie s  o f
maximal ^ - c la s s e s ,  we have t h a t  £e i s  t o t a l l y  d isconnec ted  i f
e i t h e r  Hg is  t o t a l l y  d isconnec ted  o r  S = SeS. In e i t h e r  o f
these cases e does n o t  have a 2 -d im e n s io n a l E uc lid ean  ne ighborhood.
As a c o r o l l a r y  i t  f o l lo w s  t h a t  i f  S = ESE is  a subcontinuum o f  
2
the  p lane , R , then each maximal idem potent l i e s  on the  boundary 
o f  S in  R^.
v
INTRODUCTION
In the s tudy  o f  t o p o lo g ic a l  semigroups one o f  the  fundam enta l
qu e s t io n s  in  "g iv e n  a space, does i t  adm it the s t r u c t u r e  o f  a
to p o lo g ic a l  semigroup s a t i s f y i n g  p ro p e r ty  ( * ) ? "  P ro p e r ty  ( * )
i s  any a lg e b ra ic  c o n d i t io n  which one would l i k e  to  impose.
In t h i s  paper we s h a l l  c o n s id e r  a v a r ia t i o n  on t h i s  gen e ra l
q u e s t io n .  Namely, g iven  a semigroup S s a t i s f y i n g  p ro p e r ty  ( * ) ,
i s  i t  n e c e s s a r i ly  the case th a t  S = K, K be ing  the  m in im a l
i d e a l .  Here p ro p e r ty  ( * )  i s  to  be any t o p o lo g ic a l  c o n d i t io n  as
w e l l  as a lg e b ra ic  which one imposes on S. T h is  type
o f  q u e s t io n  has been cons ide red  e a r l i e r  by Koch and W allace
[1 9 5 7 ]  and Cohen and Koch [1 9 6 5 ] .  Throughout t h i s  paper
2
p ro p e r ty  ( * )  w i l l  in c lu d e  ( i )  S = S and ( i i )  S i s  compact 
and connected .
2
In a compact semigroup S s a t i s f y i n g  S = S, maximal idem potents  
e x i s t  o u ts id e  each id e a l  o f  S. Thus a n a tu r a l  approach t o  the  
g e n e ra l problem is  to  de te rm ine  the  lo c a l  t o p o lo g ic a l  s t r u c tu r e  
o f  S a t  the maximal id em p o ten ts .  The bes t r e s u l t  h e re ,  in  the  
case t h a t  S has an i d e n t i t y  e lement e ,  i s  t h a t  e must be 
p e r ip h e r a l  [Hofmann and M o s te r t ;  1966].
In c h a p te r  1 we adopt t h i s  approach by in v e s t i g a t in g  the 
lo c a l  s e p a ra t in g  p r o p e r t ie s  o f  maximal idem potents  in  such 
sem igroups. We show th a t  a maximal idem potent in  S cannot be 
a weak c u t p o in t ;  i f  S i s  a continuum  such th a t  eve ry  p o in t  is
a weak c u t p o in t ,  then S must equa l K. I t  i s  a ls o  shown t h a t
2maximal e lements in  a semigroup S s a t i s f y i n g  S = S cannot be 
lo c a l  c u t p o in t s ,  and us ing  t h is  f a c t  we g iv e  c o n d i t io n s  under 
which maximal ^ - c la s s e s  f a i l  to  be lo c a l  s e p a ra t in g  s e ts .
Our n e x t  approach, in  c h a p te r  2, i s  to  make use o f  the  
cohomology th e o ry  o f  compact semigroups to  s tu d y  the g lo b a l  
s t r u c tu r e  o f  semigroups where i t  i s  assumed t h a t  S = ESE.
Here i t  i s  shown t h a t  i f  S i s  a semigroup on a " f i n i t e l y  
f lo o r e d  space" s a t i s f y i n g  S = ESE, then S = K. By making 
use o f  these  te c h n iq u e s ,  i t  f o l lo w s  t h a t  a maximal idem poten t 
cannot l i e  on the un ique f l o o r  o f  some e lem ent o f  H ( S ) .
In c h a p te r  3 we make use o f  the  r e s u l t s  o f  the p reced ing  
chap te rs  t o  g iv e  c o n d i t io n s  under wh ich maximal idem potents  
f a i l  t o  have 2 -d im e n s io n a l E u c l id e a n  ne ighborhoods. I t  
f o l lo w s  as a c o r o l l a r y  o f  t h i s  t h a t  i f  S i s  a compact 
connected 2 -m a n ifo ld  w i th o u t  boundary s a t i s f y i n g  S = ESE, then 
S = K [Cohen and Koch; 1965].
CHAPTER 0 
PRELIMINARIES
The purpose o f  t h is  c h a p te r  i s  to  e s t a b l is h  n o ta t io n  and to  
agree upon te rm in o lo g y .  Some o f  the more f r e q u e n t ly  used r e s u l t s  
conce rn ing  t o p o lo g ic a l  semigroups are g iven ,  -with p ro o fs  o n ly  when 
i t  i s  necessary and seems p r a c t i c a l .  As i t  i s  im p o s s ib le  to  
g ive  a complete b ib l io g r a p h y  f o r  t h i s  paper, a u s e fu l  re fe ren ce  
f o r  the reader i s  Hofmann and M o s te r t  [1 9 6 6 ] .
T o p o lo g ic a l  P r e l im in a r i e s . A space X is  to  mean a H a usdo r f f
t o p o lo g ic a l  space; l e t  i t  be emphasized t h a t  a l l  spaces are
H a u s d o r f f .  I f  A and B are subse ts  o f  a space X, then A\B
denotes the  complement o f  B in  A. The empty se t  i s  denoted
by □ .  The c lo s u re  o f  a subse t A in  a space X is  denoted by
A " ;  i t s  i n t e r i o r ,  by A ° . A is  sa id  to  be nowhere dense i f  
^  o
( A )  = The boundary o f  A, w r i t t e n  as F (A ) ,  i s  the  se t
o f  a l l  p o in ts  wh ich are i n t e r i o r  to  n e i th e r  A nor X \A . I t  
is  immediate th a t  F(A) ® A*' n (X \A ) " .
A continuum  i s  a compact connected space. The fo l lo w in g  
theorem, due to  Jan iszew sk i [K u r a to w s k i ; 19^8 ], i s  o f  im portance 
in  the  sequ e l.
0 .1  Theorem. L e t  X be a continuum  and Y a subcontinuum o f  
X. I f  A is  a subse t o f  X n o t  c o n ta in in g  Y, C a component o f  
Y n A, then C* D F(A) j  □ .
1
2
Le t X 'and  Y be spaces. A r e la t i o n  from  X to  Y is  a s u b s e t  o f  
th e  c a r te s ia n  p ro d u c t  X x Y. I f  R is  a c lo s e d  subse t o f  X x Y, 
then R is  a c lo s e d  r e la t i o n  from  X to  Y. A su b s e t  o f  X x X 
i s  c a l le d  a r e l a t i o n  on X. I f  R is  a r e l a t i o n  frpm  X to  Y, 
i t  i s  c o n v e n ie n t  to  w r i t e  xRy to  denote t h a t  ( x , y )  e R. I f  
R i s  an e q u iv a le n c e  r e l a t i o n  on X ( i . e . ,  R i s  r e f l e x i ^ e ,  a n t is y m m e tr ic ,  
and t r a n s i t i v e ) ,  Rx denotes the e q u iv a le n c e  c la s s  o f  R c o n ta in in g  
x ;  thus R = [ y  e X: ( x , y )  c R) • I701" an e q u iv a le n c e  r e l a t i o n  R
on a space X, X/R denotes the  s e t  o f  e q u iv a le n c e  c la sses  o f  R.
I f  X is  compact and R i s  c lo s e d ,  X/R endowed w i t h  the q u o t ie n t  
to p o lo g y  i s  a space. Now l e t  A be a c lo sed  s u b s e t  o f  the space 
X. D e f in e  R^ t o  be the s e t  o f  a l l  p a i r s  ( x , y )  in  X x X such 
t h a t  e i t h e r  x  = y o r  x and y are  e lements o f  A . Then the 
space X/R^ i s  w r i t t e n  X/A and can be though t o f  as the space 
o b ta in e d  from  X by s h r in k in g  A to  a p o in t .
Suppose t h a t  s  i s  a r e l a t i o n  from  X. to  Y . For y c Y., L (y )  
i s  d e f in e d  to  be th e  s e t  o f  e lem ents  x in  X f o r  wh ich  x & y .
I f  A i s  a su b s e t  o f  Y, then L(A) denotes the un ion  o f  a l l  s e ts  
L (a )  f o r  wh ich  a e A. I t  i s  e a s i l y  v e r i f i e d  t h a t  i f  Y i?  
compact and £ i s  c lo s e d ,  L(A) i s  c lo sed  f o r  each c lo sed  subse t 
o f  A o f  Y.
A‘ n e t  in  a.apace X i s  .a f u n c t io n  from  a d i r e c t e d  s e t  D i n t o  X.
For conven ience a n e t  9: D -* X i s  denoted s im p ly  by ( x ^ ) , 
where the  domain i s  understood to  be some d i r e c t e d  s e t  D and 
x ff denotes the  image o f  a  under 0 f o r  each I f  D i s  a
d i r e c te d  s e t  ( d i r e c t e d  by £) and A is  a subse t o f  D, then A 
i s  c o f i n a l  ( r e s id u a l ) in  D i f  f o r  each a e D, th e re  e x is t s
3
Y e D such th a t  a £ y  arld 7  e A (and f o r  each $ e D w i th  y  £ 3, 
f l € A) .
X
L e t  2 denote the space o f 'c lo s e d  subsets  o f  the space X* I f
Y
(A^) i s  a n e t  in  2 w i th  domain D, i t s  l i m i t  s u p e r io r , denoted by 
l im  sup A^, i s  the s e t  o f  a l l  x € X such t h a t  f o r  each open s e t  U 
c o n ta in in g  x ,  (#  C D : A fl U /  □ }  i s  c o f in a l  in  D. I t s  
l i m i t  i n f e r i o r , denoted by l im  i n f  A^, i s  the s e t  o f  a l l  x  € X 
such t h a t  f o r  any open s e t  U c o n ta in in g  x ,  [or e D : U fl A^ ^  Q  }
i s  r e s id u a l  in  D. I f  l im  sup A = l im  i n f  A = A, the n e t  (A )r  or or '  cr
i s  s a id  to  converge to  A, and we w r i t e  l im  A = A.
3 a
The cohomology used in  t h is  paper i s  A lexa n d e r-W a l la ce -S p a n ie r  
th e o ry  w i th  c o e f f i c i e n t  group a r b i t r a r y  un less  s p e c i f i e d .
A p o in t  p in  a compact space X i s  p e r ip h e r a l  i f  f o r  each open 
U c o n ta in in g  p, the re  e i x s t s  an open s e t  V c o n ta in in g  p which 
i s  con ta in e d  in  U, and such t h a t  the n a tu r a l  induced homomorphism 
Hn (X) - i "  Hn (X\V) i s  an isomorph ism f o r  a l l n s 0 . That i s  to  
say, th e re  e x i s t s  sm a ll open se ts  V c o n ta in in g  p, such t h a t  
Hn (X ,X \V) = O . fo r  a l l  n ^  0 . By the map e x c is io n  theorem 
[W a l la c e ;  1952] i t  f o l lo w s  t h a t  t h i s  la s t  a s s e r t io n  is  e q u iv a le n t  
to  Hn (V ",  F ( v ) )  = O . fo r  a l l  n £ 0. I t  now fo l lo w s  e a s i l y  t h a t  
i f  A is  a c lo sed  subspace o f  X and p e A°, then p is  p e r ip h e r a l
in  X . i f  and o n ly  i f  p i s  p e r ip h e r a l  in  A. Thus the  concept o f
p e r i p h e r a l ! t y  in  t h i s  sense, i s  seen to  be a lo c a l  one.
The f o l l o w in g  p r o p o s i t io n  i s  g iven  here f o r  l a t e r  use,
0 .2  P r o p o s i t io n . I f  X i s  a continuum and p i s  p e r ip h e ra l  
in  X, then X is  1 - s e m i - lo c a l ly  connected a t  p.
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T o p o lo g ic a l  A lgeb ra  P r e l im in a r i e s . A to p o lo g ic a l  semigroup 
i s  a space endowed w i th  a c on t in uous  a s s o c ia t iv e  m u l t i p l i c a t i o n .
To be p re c is e ,  a to p o lo g ic a l  semigroup i s  a p a i r  (S ,m ), where S is  
a space and m is  a c on t in uous  fu n c t io n  from  S x  S in t o  S 
s a t i s f y i n g  m (x»m (y,z))  = m ( m ( x ,y ) , z ) .  I f  no co n fu s io n  seems 
l i k e l y ,  we s im p ly  say th a t  S i s  a semigroup and denote 
m (x ,y )  by x y .  W ith o u t  e x c e p t io n  a semigroup is  to  mean a to p o lo g ic a l  
sem igroup, and S i s  used to  denote a sem igroup.
A non-empty subse t A i s  S i s  a l e f t  ( r i g h t ) id e a l  i f  SA c  A 
(AS C A ) . A tw o -s ided  id e a l  (o r  i d e a l ) i s  both a l e f t  and a r i g h t  
id e a l .  I f  A is  a c lo s e d  id e a l  in  S, then 5 /A ,  the  Rees q u o t ie n t  
module A , i s  in  a n a tu r a l  manner a semigroup w i th  a ze ro .  I f  S 
has a m in im a l id e a l ,  i t  is  denoted by K and c a l le d  the k e rn e l
o f  S. I f  S i s  compact, then th e  m in im a l id e a l  K. e x i s t s  and i s
known to  be a r e t r a c t  [W a l la c e ;  1957]. For f u r t h e r  in fo rm a t io n  
conce rn ing  the s t r u c t u r e  o f  K the  reader is  r e fe r r e d  to  C l i f f o r d  
and P res ton  [19&1 ] and W allace  [1 9 5 6 ] .
I f  S is  a semigroup and a e S, the s m a l le s t  l e f t  ( r i g h t ,  two 
s ided) id e a l  c o n ta in in g  a is  denoted by L ( a) ( R ( a ) , J ( a ) ) .  C le a r ly  we
have th e  f o l lo w in g  i d e n t i t i e s  ( f a )  i s  rep la ced  by a when no 
c o n fu s io n  seems l i k e l y )  :
L (a )  -  a U Sa 
R(a) = a U aS
J ( a) = a U Sa U aS U SaS.
G reen 's  r e la t io n s  are then d e f in e d  on S as f o l l o w s :  f o r  x ,  y (  N
5
x £ (s£) y i f  L (x )  c  L (y )
x  ^  .0?) y i f  R (x )  c  R (y )
x  ^  (,?) y i f  J ( x )  c  J (y )
x  £ (y )  y i f  R (x )  c  R (y )  and L ( x )  c. L (y )
The r e l a t i o n s  ^  so d e f in e d  a re  q u a s i - o r d e r s  and each i s  c lo s e d .
To each th e r e  i s  a s s o c ia te d  an e q u iv a le n c e  r e l a t i o n  s£, R , o r  
r e s p e c t i v e l y ,  d e f in e d  by
x?£y i f  x  £ (;£) y and y £  ( ^ )  x ,  e t c .
2
An e lem e n t e in  a sem ig roup  S i s  an id e m p o te n t  i f  e = e .
The s e t  o f  id e m p o te n ts  o f  S i s  deno ted  by E. The f o l l o w i n g  
theorem s a re  s t a te d  f o r  co n ve n ie n ce  o f  th e  re a d e r  [W a l la c e ;  1953a], 
[K o c h ;  1957a ].
0 .3  Theorem . L e t  S be a compact sem igroup  and A a c lo s e d  
s u b s e t  o f  S. I f  A e  Ax f o r  some x  e S, then  A = Ax.
0 .k  Theorem . L e t  S be compact and a e S. I f  a e Sa 
(a  e SaS), then  a (  ES (a  e ESE).
A compact sem ig roup  S w i t h  i d e n t i t y  e i s  i r r e d u c i b l e  i f  i t  i s  
c o n n e c te d  and does n o t  c o n ta in  a p ro p e r  compact connec ted  
subsem ig roup  T w i t h  e £ T and T f l  K ^  □  . I t i s  known t h a t  i f  
S i s  a compact connec ted  sem igroup  and e e E, t h e re  e x i s t s  a 
subsem ig roup  T o f  S.. such t h a t  T D K ^  □ ,  T i s  an i r r e d u c i b l e  
sem ig roup  w i t h  i d e n t i t y  e .  M oreover T may be chosen to  be in  th e  
c e n t r a l i z e r  o f  any a b e l ia n  subgroup o f  He w i t h  T fl 3^e = (e )
[Hofmann and M o s te r t ;  1 9 6 6 ] .  In  t h i s  c o n t e x t  i t  i s  c o n v e n ie n t  
to  say t h a t  T i s  an i r r e d u c i b l e  sem ig roup  f ro m  e to  K .  The n e x t  
theorem  i s  a consequence o f  the  e x is te n c e  o f  i r r e d u c i b l e  sem igroups,
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0 .5  Theorem. L e t  S be a continuum  s a t i s f y i n g  S » eS f o r  some 
e e E. I f  e € S\K, then e is  p e r ip h e r a l .
P r o o f . Suppose U i s  an open s e t  c o n ta in in g  e d i s j o i n t  from
K. S e le c t  an i r r e d u c ib le  semigroup T from e to  K, and l e t
V = S \T (S \U ) .  Then V i s  an open s e t  c o n ta in in g  e and is  con ta ined  
in  U. D e f in e  the  map H : Tx (S ,S \V ) -* (S ,S \V ) by H ( t , x )  = t x .
The c o n c lu s io n  fo l lo w s  from  the  g e n e ra l iz e d  hemotopy axiom 
[W a l la c e ;  1953b].
Maximal Elements in  Compact Sem igroups. An e lement x  in  a 
semigroup S is  s£-maximal, r e s p e c t iv e ly ,  /^-maximal, ^ -m ax im a l,  i f  
i t  i s  maximal r e l a t i v e  to  the  q u a s i-o rd e r in g s  £ (:£}, £ ( ^ ) , o r
£ ($ ) *  I f  S i s  compact, then each e lem ent o f  S is  below a
maximal e lem en t;  in  p a r t i c u l a r  maximal e lements e x i s t s .
We now e s t a b l is h  r e la t io n s  between maximal e lements and maximal
p rope r id e a ls .  For t h i s  purpose i t  i s  c o n v e n ie n t  to  in t ro d u c e
the  f o l l o w in g  n o t a t io n .  For A C S  l e t  JQ(A) (Lq (A) ,Rq (A))
denote the un ion  o f  the f a m i ly  o f  a l l  id e a ls  ( l e f t ,  r i g h t  id e a ls )
co n ta in e d  in  A. Thus, i f  JQ(A) 4- □ ,  i t  i s  the  la r g e s t  id e a l
co n ta in e d  in  A. I f  S i s  compact, then J (A) i s  open i f  A is
o
open. A lso  i f  A i s  c lo s e d ,  Jq (A) i s  c lo s e d ;  here S need n o t  be 
com pact.
0 .6  Theorem. L e t  S be a semigroup and a e S\K; then ( i )  a 
i s  j?-maximal i f  and o n ly  i f  JQ(S \a )  i s  a maximal p rope r  id e a l ;
( i i )  a i s  s£-maximal i f  and o n ly  i f  LQ(S \a )  i s  a maximal
p rope r  l e f t  i d e a l ;
( i i i )  i f  S i s  compact and a i s  ^ -m a x im a l,  then a i s  s£-maximal.
P r o o f . Suppose J Q(S \a )  i s  a maximal p ro p e r  i d e a l ,  and .
J (a )  c  J ( fa) f o r  some b c S. Then J Q(S \a )  U J ( a )  -  S, so
b € J Q(S \a )  U J ( a ) .  C le a r l y  b e J Q( S \a ) ,  s in c e  then a w o u ld  be an 
e lem en t o f  J Q(S \a )  ; and hence b e J ( a ) .  T h e re fo re  J ( a )  = J ( b ) ,  so 
a is  ^ -m a x im a l .
C o n v e rs e ly ,  suppose t h a t  a i s  ^ -m a x im a l,  M is  an id e a l  o f  S such
th a t  J Q(S \a )  C M  C S. I f  x f  S \J Q( S \ a ) ,  then  a c J (x )  s in c e
J Q(S \a )  U J (x) c o n ta in s  J Q(S \a )  p r o p e r l y .  B u t  a i s  ^ -m a x im a l so 
J (a )  = J (x )  ; in  p a r t i c u l a r  x e J ( a ) .  T h e re fo r e  J Q(S \a )  U J ( a )  = S.
I t  f o l l o w s  then t h a t  e i t h e r  H s  S o r  H = J Q( S \ a ) .  T h is  com p le tes  th e  
p ro o f  o f  ( i ) .
Suppose now t h a t  S i s  com pact, and a i s  ^ -m a x im a l .  I f  L ( a ) C L ( b )  
f o r  some b (  S, then  J ( a )  c  J ( b ) ; thus  J ( a )  = J ( b ) . I f  b e aS U SaS, 
then Sa C  S b C  Say f o r  some y € S; so by theorem  0 .3  Sa = Sb. Now by
th e  f a c t  t h a t  a U Sa G b U Sb, e i t h e r  a = b o r  a e s b .  In  th e  l a t t e r
case, a € Sa so t h a t  aS C  SaS; th u s  b e SaS = SbS. Hence b e ESE by
theorem 0 . 4  in  w h ich  case i t  f o l l o w s  t h a t  b e Sb. T h e re fo re  b e Sa,
and i t  i s  now e a s i l y  v e r i f i e d  t h a t  a i s  ^ -m a x im a l .
0 .7  Remark. I t  f o l l o w s  im m e d ia te ly  f ro m  t h i s  theorem  t h a t
maximal i d e a ls  e x i s t  i n  compact se m ig ro u p s .  I f  M i s  a m axim al i d e a l
in S, then M = JQ( S V )  fo r  each x e S\M. I t  follows then tha t
J ( x )  = J ( y )  f o r  each x  and y i n  S\M. T h e re fo re  a l l  e lem e n ts  o u ts id e
the  m ax im al id e a l  M l i e  i n  the  same ^ * -c la s s .  A ls o  i f  x i  M, i t  i s
e a s i l y  seen t h a t  S \^  = J ( S \ x ) . T h e re fo re  th e  e lem en ts  o u t s id e  aX o
maximal i d e a l  M fo rm  a $ - c la s s .  Analogous s ta te m e n ts  a re  t r u e  i f  one 
c o n s id e rs  maximal l e f t  id e a l s ,  e t c .
0 .8  Theorem. I f  S i s  a compact semigroup s a t i s f y in g  S = S, and 
a is  an sd-maximal (/p-maximal) e lement o f  S, then a e ES (a c SE) .
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P r o o f . S ince S = S, a e Sb f o r  some b f  S, and as a i s  
sd-maximal we have t h a t  b £ Sa. T h e re fo re  a € Sa, and th e  c o n c lu s io n  
fo l lo w s  from  theorem 0 .4 .
I t  has been shown by Koch and W allace  [1954 ] t h a t  each p roper 
id e a l  i n  a compact semigroup is  co n ta in e d  in  a maximal p rope r i d e a l .  
Hence by remahk 0 .6  th e re  e x i s t  a ^ -m ax im a l e lement o u ts id e  each p ro ­
per id e a l  o f  S. S ince each jj-m ax im a l e lement i s  s£-maximal th e re  
e x is ts ,  an e lem ent o f  ES o u ts id e  each p roper id e a l . :o f  S; the', 
f o l l o w in g  theorem due to  Koch and W allace  fo l lo w s  e a s i l y .
2
0 .9  Theorem. I f  S i s  compact s a t i s f y i n g  S = S, then S = SES.
Hence the  complement o f  each id e a l  in  S c o n ta in s  an id em po ten t.
Now suppose t h a t  M is  a maximal id e a l  in  a compact sem igroup.
As noted in  remark 0 .6  M = JQ(S \x )  f o r  each x e S\M, and hence M is
open. I f  S is  a ls o  connected, then M i s  dense, th e r e fo re  each
maximal ^ - c la s s  i s  a continuum S is  nowhere dense by remark 0 .6 .  I t
2
f o l lo w s  e a s i l y  t h a t  M is  connected i f  S = S, so we have the  f o l lo w in g  
theorem due to  Koch and W allace  [1954 ; 1958a].
0 .10  Theorem; L e t  S be a continuum  s a t i s f y i n g  S = S. Each p ro ­
per id e a l  i s  con ta in e d  in  a maximal p rope r i d e a l ;  and each such i s  
dense, open, and connected .
The f o l l o w in g  c o r o l l a r y  i s  an easy consequence o f  the p reced ing  
d i  s c u s s io n .
2
0.11  C o r o l l a r y . I f  S i s  a con t inuum  s a t i s f y i n g  S = S, then S \ j^  
i s  connected  f o r  each maximal e le m e n t x  in  S. Thus S \ { x }  i s  
connected  f o r  each maximal e le m e n t x .
0 ,1 2  P r o p o s i t i o n . L e t  S be compact and e an s£-maximal idem poten t.  
I f  i s  open in  th e  s e t  o f  a l l  ^ -m a x im a l e le m e n ts ,  then  e e (S e ) ° .
P r o o f . By h y p o th e s is  th e re  e x i s t s  an open s e t  U c o n t a in in g
and no o th e r  ^ -m a x im a l e le m e n ts .  The l e f t  i d e a l  S (S \u )  i s  c lo s e d  and
c o n ta in s  a l l  maximal ^ . -c la s s e s  e x c e p t  s£ . As each e le m e n t  in  S i s
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be low  an sfi-maximal e le m e n t ,  i t  f o l l o w s  t h a t  th e  complement o f  S(S\U)
i s  c o n ta in e d  in  Se. T h e re fo re  e € (S e ) ° ,  and th e  p r o o f  i s  c o m p le te .
2
Now suppose S i s  a compact sem igroup  s a t i s f y i n g  S = S, e a
^ -m a x im a l id e m p o te n t  o f  S, and b e ^ e .  Then SbS = SeS, so b = peq
f o r  some e lem en ts  p and q in  S. I t  may be v e r i f i e d  a t  th e  r e a d e r 's  
p le a s u re  t h a t  the  map p  : sEs -► bSb i s  a homeomorphism o n to  c a r r y in g  
U  o n to  y . .  The n e x t  theorem  then f o l l o w s  e a s i l y .
6  D
2
0 .13  Theorem . I f  S i s  compact s a t i s f y i n g  S = S, a and b a re
^ -m a x im a l e lem en ts  w i t h  a^b, then aSa i s  homeomonphic t o  bSb by a
homeomorphism c a r r y in g  o n to  5 ^ ,
.Cohomology o f  Compact S e m ig roups . As s ta te s  p r e v io u s ly ,  the  
cohomology th e o ry  used h e re  i s  A le x a n d e r -S p a n ie r -W a l la c e  t h e o r y .  We 
s t a t e  two theorems used in  th e  se q u e l [Cohen and: Koch; 1 9 6 5 ] .
0 .1 4  Theorem. L e t  S be a pon tinuum  w i th  a z e ro  and L a l e f t
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0.15 Theorem. L e t  S be a con tinuum  w i th  a z e ro  s a t i s f y in g  
S = ESE. I f  I i s  a c lo se d  id e a l  o f  S, then H * ( A | )  = 0 f o r  
each c lo sed  subset A o f  E; in  p a r t i c u l a r  H ^ l )  = 0 .
CHAPTER I
LOCAL SEPARATING PROPERTIES OF MAXIMAL ELEMENTS
In  t h i s  c h a p te r  we in v e s t i g a t e  a p a r t i c u l a r  as p e c t  o f  the
lo c a l  s t r u c t u r e  o f  t o p o lo g i c a l  s em ig rou ps :  nam ely , the  l o c a l
c u t t i n g  p r o p e t t i e s  o f  m axim al e le m e n ts  i n  compact connec ted
2
sem igroups  s a t i s f y i n g  S = S. In  th e  f i r s t  p a r t  o f  t h i s  
c h a p te r  i t  i s  shown t h a t  a m axim al id e m p o te n t  can be n e i t h e r  
a weak c u t p o in t  n o r  a l o c a l  s e p a r a t in g  p o i n t .  L a te r  we make 
use o f  these  r e s u l t s  t o  g iv e  s u f f i c i e n t  c o n d i t io n s  under w h ich  
maximal ^ - c l a s s e s  f a i l  t p  be lo c a l  s e p a ra t in g  s e t s .  For f u r t h e r  
in f o r m a t io n  c o n c e rn in g  the  t o p o lo g i c a l  p r o p e r t i e s  o f  lo c a l  
s e p a ra t in g  p o in t s  and weak c u t p o in t s  in  g e n e r a l ,  th e  
re a d e r  i s  r e f f e r e d  to  Whyburn [ 19^ 2 ] ,
1 .1  D e f i n i t i o n . A p o i n t  p i n  a c on t in uum  X i s  a weak c u t  
p o in t  between a and b i f  a and b a re  p o in t s  i n  X d i f f e r e n t  f ro m  p, 
and any subco n tinuu m  o f  X c o n t a in in g  a and b a ls o  c o n ta in s  p .
The p o in t  p i s  s im p ly  a weak c u t p o i n t  i f  t h e r e  e x i s t  p o in t s  a
and b such t h a t  p i s  a weak c u t p o i n t  between a and b.
We s h a l l  show now t h a t  an s&-maximal id e m p o te n t  i n  a com pact co n -
2
n e c te d  sem ig roup  s a t i s f y i n g  S .*? S cann o t be a weak c u t p o i n t .  We s h a l l  
em ploy the  f o l l o w i n g  theorem  due t o  H u n te r  [ I 9 6 I ]  and Koch [ 1 9 5 7 b ] .
1 .2  Theorem. I f  S i s  a compact connec ted  sem igroup  w i t h  a 
r i g h t  i d e n t i t y  e ,  and S i s  n o t  a m in im a l i d e a l ,  then  e i s  n o t  a 
weak c u t p o i n t  o f  S.
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P r o o f . S ince e is  p e r ip h e r a l  (theorem 0 .5 ) ,  S is  1 -sem i-  
l o c a l l y  connected a t  e ( p r o p o s i t io n  0 . 2 ) .  Hence f o r  any two 
p o in ts  a and b in  S \ [ e ] ,  th e re  e x i s t s  an open s e t  V c o n ta in in g  e 
bu t n o t  a o r  b such th a t  S\V i s  connected. The c o n c lu s io n  is  
o b v io u s .
1.3  Theorem. I f  S i s  a continuum w i th  a ze ro  0, s a t i s f y i n g  
2 2
S = S, and e = e e S is  an s£.-maximal e lem ent o f  S, then e i s  
n o t  a weak c u tp o in t  o f  S.
P r o o f . Suppose t h a t  e i s  a weak c u t p o in t  o f  S between a
2
and b f o r  some p a i r  o f  e lements a and b o f  S. Since S = S, th e re
e x i s t  e lements x  and y in  S such t h a t  a e Sx and b £ Sy. But S
has a z e ro ,  so Sx U Sy is  a subcontinuum o f  S c o n ta in in g  a and b;
hence e e Sx U Sy. As e i s  an s£rmaximal e lem ent o f  S, i t  may
be assumed t h a t  Sx = Se. Now e i t h e r  e i s  a ls o  an e lem ent o f  Sy, 
in  wh ich  case Se = Sy; o r  e i s  n o t  an e lem ent o f  Sy. In the 
f i r s t  case e would be a weak c u t p o in t  o f  Se between a and b in  
c o n t r a d ic t i o n  to  theorem 1 .2 .  We s h a l l  o b ta in  a s im i l a r  c o n t ra ­
d i c t i o n  f o r  the second case by showing e would  be a weak c u tp o in t  
between a and 0. W ith  t h is  end in  mind a e le c t  any subcontinuum 
o f  Se c o n ta in in g  a and 0 . ThenM U Sy i s  a subcontinuum o f  S 
c o n ta in in g  e .  As e i s  n o t  c o n ta in e d  in  Sy, i t  must be t h a t  e e M. 
T h e re fo re  e i s  a weak c u t p o in t  o f  Se between e and 0, and again 
we o b ta in  a c o n t r a d ic t i o n .  Hence e is  n o t  a weak c u t p o in t  o f  
S, and the  p ro o f  i s  com p le te .
We remark t h a t  the  c o n c lu s io n  ho lds  i f  e i s  a ^ -m ax im a l e lem en t,  
s in c e  by theorem 0 .6  each ^ -m ax im a l e lement i s  s£-maximal. The
f o l l o w i n g  lemma i s  s ta te d  f o r  th e  conve n ie nce  o f  the  re a d e r .
1 .4  Lemma. L e t  X be a co n t in u u m  and p a weak c u t p o i n t  o f  X.
I f  A i s  a subcon tinuum  o f  X c o n ta in e d  in  X \ { p } ,  p  : X -* X /A  the
n a t u r a l  s u r j e c t i o n ,  then  p (p )  i s  a weak c u t p o in t  o f  X /A .
2
1 .5  C o r o l l a r y . L e t  S be a c o n t in u u m  s a t i s f y i n g  S = S.
I f  e i s  a ^ -m a x im a l id e m p o te n t  o f  S and e i s  a weak c u t p o i n t  o f  
S, then  S = K.
P r o o f . | f  S 4 K, c o n s id e r  the  Rees q u o t i e n t  modulo K w i t h
the  n a t u r a l  s u r j e c t i o n  p  : S -* S /K . S/K i s  a compact connec ted
2
sem ig roup  w i t h  a z e ro  s a t i s f y i n g  (S /K )  = (S /K ) ,  and p (e )  i s
a ^ -m a x im a l id e m p o te n t  o f  S /K . T h e re fo r e .  p (e )  i s  n o t  a weak 
c u t p o i n t  o f  S /K, and by lemma 1 .4  e i s  n o t  a weak c u t p o i n t  o f  
S. The p r o o f  i s  c o m p le te .
R e c a l l  t h a t  a s e t  C in  a c on t in uum  X i s  a c - s e t  i f  f o r  each
subcon tinuum  M w i t h  M f ]C  ^ e i t h e r  C C M  o r  H C C.
2
1 .6  C o r o l l a r y . L e t  S be a c on t in uum  s a t i s f y i n g  S = S and
e a jZ-maximal id e m p o te n t  o f  S. I f  S 4 K, then e l i e s  on no
n o n - t r i v i a l  c - s e t  o f  S.
P r o o f . Suppose C i s  a c - s e t  o f  S and e e C. I f  C \ [ e }  4 □  
and S\C 4 □ ,  th e re  e x i s t  p o in t s  a apd b in  S \ { e }  w i t h  a e C and L i  C. 
I t  i s  r e a d i l y  v e r i f i e d  t h a t  e i s  a weak c u t p o in t  o f  S between a and b, 
a c o n t r a d i c t i o n .  T h e re fo re  e i t h e r  C = { e }  o r  C = S, and th e  p ro o f  i s  
c o m p le te .
A c on t in uum  X i s . s a i d ' t a  be indecom posab le  i f  i t  i s  n o t  the  un ion
o f  two p ro p e r  s u b c o n t in u a  o f  X . A Composant o f  a p o in t  p in  a con ­
t inuum  X i s  the  u n io n  o f  a l l  p ro p e r  c lo s e d  connec ted  s u b se ts  o f  X 
c o n ta in in g  p .  I t  i s  known t h a t  an indecom posab le  m e t r i c  con t inuum  
c o n ta in s  a t  l e a s t  two com posants, and each composant i s  a non- 
deg ene ra te  c - s e t  [K u r a to w s k i ;  1 9 ^ 8 ] .  C o n se q u e n t ly  we have the  
f o l l o w i n g  c o r o l l a r y  due t o  Koch and W a lla c e  [1 9 5 8 b ] .
1 .7  C o r o l l a r y . I f  S i s  a m e t r i c  indecom posab le  con t inuum  
s a t i s f y i n g  = S, then  S.= K .
The n e x t  theorem  c o n c e rn in g  the  c u t t i n g  p r o p e r t ie s  o f  maximal 
id e m p o te n ts  i s  an e x te n s io n  o f  a theorem o f  Koch [1 9 5 7 b ] .
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1 .8  Theorem . L e t  S be a c on t in uum  w i t h  S = S and s a t i s f y i n g  
the  f o l l o w i n g :
( I )  S 4 K ,
( i i )  cdS ^  1,
( i i i )  H *(S )  = 0 ,
I f  e i s  a ^ -m a x im a l e le m e n t o f  S, then e does n o t  s e p a ra te  any 
subcon tinuum  o f  S.
P r o o f . L e t  M be a subcon tinuum  o f  S, and suppose M \£e } = P U Q
w i th  P ' n  Q" = [ e ] • S e le c t  a r b i t r a r y  p o in t s  a € P and b e d .  S ince
S ?! K, e i s  n o t  a week c u t p o in t  o f  S; hence th e re  e x i s t s  a s u b c o n t in ­
uum N o f  S c o n t a in in g  a and b b u t  n o t  e .  C o n s id e r  the  f o l l o w i n g  p a r t  
o f  the  M a y e r - V ic t o r i s  sequence (u s in g  reduced  g roups in  d im en s ion  zero)
-  H°(M) x  H °(N ) -  H°(M f l N) -* H*(M U N ) - *  .
N o t in g  t h a t  M f l N i s  n o t  c o n n e c te d ,  we see t h a t  H*(M U N) i s  n o t
t r i v i a l .  By u s in g  th e  f a c t  t h a t  cdS S 1, i t  f o l l o w s  t h a t
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H*(S) 4 0, a c o n t r a d i c t i o n .  The p ro o f  i s  thus com p le te .
We no te  th a t  the  c o n c lu s io n  ho lds  i f  S + ESE, cdS ^  '1, and S has
a z e ro ;  as in  t h i s  case ( i )  and ( i i )  are s a t i s f i e d  (theorem 0 . 15) .
We now proceed to  g i v e ‘ s u f f i c i e n t  c o n d i t io n s  under which 
^.-maximal e lements f a i l  to  be lo c a l  s e p a ra t in g  p o in t s . ‘ The 
te rm in o lo g y  here is  t h a t  o f  Whyburn [1 9 ^ 2 ] .
1 .9  D e f i n i t i o n . A p o in t  p in  a continuum  X is  a lo c a l  
s e p a ra t in g  p o in t  o f  X i f  p separa tes  the component c o n ta in in g  p o f
some c lo sed  neighborhood o f  p.
I t  i s  re q u ire d  t h a t  p c u t  components o f  " c lo s e d "  neighborhoods 
f o r  convenience o n ly .  I t  i s  e a s i l y  seen from  theorem 0 .1  t h a t  i f  
p . i s  a lo c a l  s e p a ra t in g  p o in t  o f  X, then p sepa ra tes  the 
components c o n ta in in g  p o f  a l l  sm a ll  ne ighborhoods o f  p .
Now i f  the  continuum  X is  l o c a l l y  connected a t  p and p is  a lo c a l  
s e p a ra t in g  p o in t  o f  X, i t  i s  no ted  t h a t  p is  an i n t r i n s i c  p o in t  
o f  X. Indeed, th e re  e x i s t  a c lo sed  connected ne ighborhood o f  
p such t h a t  N\p is  s e p a ra te d .  Then f o r  any open s e t  V c o n ta in in g  
p and con ta in e d  in  N w i th  tt\\I n o t  connected, the  n a tu r a l  induced 
homomorphism H°(N) H°(N\V) is  n o t  an, isom orph ism . Hence p i s
an i n t r i n s i c  p o in t  o f  N, and th e r e fo re  o f  X. J .  D. Lawson has 
shown [u n p u b l is h e d ]  t h a t  X need n o t  be l o c a l l y  connected f o r  the 
same c o n c lu s io n  to  h o ld .  We thus have the f o l l o w in g  p r o p o s i t io n .
1 .1 0  P r o p o s i t io n . I f  X is  a continuum ( l o c a l l y  connected
a t  p) and p i s  a lo c a l  s e p a ra t in g  p o in t  o f  X, then p is  an i n t r i n s i c  
p o in t  o f  X.
16
Now i s  T is  an i r r e d u c ib le  semigroup w i th  i d e n t i t y  e, then T is  
l o c a l l y  connected a t  e [Hoffm an and M o s te r t ;  1966 ].  As p re v io u s ly  
noted e i s  p e r ip h e ra l  in  T ; thus we have the f o l l o w in g  p r o p o s i t io n .
1.11 P r o p o s i t io n . I f  T i s  an i r r e d u c ib le  semigroup w i th  
i d e n t i t y  e ,  then e is  n o t  a lo c a l  s e p a ra t in g  p o in t  o f  e.
1.12 D e f i n i t i o n . L e t  S be a sem igroup. For a € S, d e f in e
P to  be the  se t  o f  l e f t  u n i t s  f o r  a ; i . e . ,  P = fx . e S : xa *  a4 . a a
2
1.13 Remark. I f  S i s  compact and S is  S, then P
3
f o r  each s£-maximal e lem ent a o f  S { theorem  0 . 8 ) .  T he re fo re
in  t h i s  case P is  a compact semigroup and, conse q u e n t ly ,  has 
a m in im a l id e a l ,  which we denote by Kg .
2
1.14 Lemma. Le t S be a continuum  w i th  S = S, and a an
^.-maximal e lement o f  S n o t  c o n ta in e d  in  K. I f  f  i s  an idem potent
o f  K and T i s  an i r r e d u c ib le  semigroup from f  t o  K, then
□
( I )  i f  a = t x  f o r  some t  e T, x  e S, then t  =* f ;  thus i f  
x € fS , x  = a.
( i i )  i f  a e xTa f o r  x c S, the  xTa C gSa f o r  some g e K .
P r o o f . T being i r r e d u c ib le  from  f  to  K im p l ie s  th a t
^  IT = so in  p a r t i c u l a r  T n P = £f J . Indeed, i f  x e SfS fl P ,
I 3  3
then f  e Pa x  Pg C SxS, i n  which e v e n t  i f  f o l lo w s  t h a t  J ( x )  =■ J ( f ) .
T h e re fo re  i f  x  e T fl Pg , x  £ SfS fl Pa ! so x € T fl which im p l ie s
th a t  T fl P = { f ) .  Suppose now t h a t  a = t x  f o r  some t  c T, x  e S.a
Then a € S ta  C Sx, and by the m a x im a l i ty  o f  a we have th a t  x  e Sa.
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T h e re fo re  a = tga  f o r  some g c S, so tg  c P fl S fS . By the  above 
o b s e rv a t io n  f  e StgS C StS, thus J ( f )  = J ( t ) ,  so t h a t  t  = f .
T h is  proves p a r t  ( i ) .
Now i f  a e xTa f o r  some x € S, then x t  € S f f  H P f o r  some t  € T .
3
As in  the p ro o f  o f  ( i )  i t  f o l lo w s  t h a t  t  = f ,  and so x f  € P .
3
Since f  £ K we have th a t  x f  £ K , and the c o n c lu s io n  fo l lo w s
3 3
f rom  the  f a c t  t h a t  K i s  the un ion  o f  groups. T h is  completes 
the p ro o f  o f  ( i i ) .
The nex t theorem, a lthough  somewhat l im i t e d  in  i t s  a p p l i c a t io n ,
does have something to  say conce rn ing  the lo c a l  s e p a ra t in g  p ro p e r ­
t ie s  o f  maximal e le m e n ts .  We s h a l l  make use o f  i t  in  a l a t e r  
example.
2
1.15 Theorem. L e t  S be a con tinuum  s a t i s f y i n g  S = S. I f  
a i s  an ^.-maximal e lem ent o f  S n o t  con ta ined  in  K, and f  is  
any idem potent c o n ta in e d  in  K , then a is  p e r ip h e r a l  i f  fS .
P r o o f . L e t  T be an i r r e d u c ib le  semigroup f ro m  f  to  K, and 
suppose U is  a r e l a t i v e  open s e t  o f  fS - c o n ta in in g  a w h i le  d i s j o i n t
from K. Le t V = f S \ j ( f S \ U ) , and n o te  t h a t  V i s  a r e l a t i v e  open s e t
o f  fS  c o n ta in in g  a. Indeed i f  a = t x  f o r  some t  € T, x e fSMJ, then 
by lemma 1.14 t  = f  and x  = a, an obv ious  c o n t r a d ic t i o n .  Moreover 
V i s  con ta in e d  in  U as fS \U i s  c o n ta in e d  in  T ( fS \U ) .  De fine  
H : T x ( fS , fS \V )  -* ( fS , fs \V )  by H ^ t,.x )  = t x ,  and the  c o n c lu s io n
f o l lo w s  from  the g e n e ra l iz e d  homotopy axiom.
2
1.16 Lemma. L e t  S be a continuum  s a t i s f y i n g  S = S, a e S\K 
an j£-maxinial e lem en t.  I f  a i s  a lo c a l  s e p a ra t in g  p o in t  o f  S, then 
a i s  a lo c a l  s e p a ra t in g  p o in t  o f  Sa.
P ro o f . Suppose t h a t  N i s  a c lo se d  neighborhood o f  a such
th a t  C \£a} = P U Cl w i th  P" f| Q*' = { a } ,  where C i s  the  component 
o f  N c o n ta in in g  a. I t  may be assumed t h a t  N fl K = □ .  L e t  M 
denote the  component o f  Sa f| N c o n ta in in g  a. To show th a t  a 
i s  a lo c a l  s e p a ra t in g  p o in t  o f  Sa i t  s u f f i c i e s  to  show th a t
M n p H n  Q.
2
To t h i s  end s e le c t  a .n e t  (x^)  in  P c o n v e rg in g - to  a . S ince S .=  S,
th e re  e x i s t s  a n e t  (y ^ )  ( w i t h  same domain) in  S such t h a t  xffi € gy
f o r  each a . In v iew  o f  the  compactness o f  S i t  may be assumed
t h a t  (y ^ )  converges to  y c S. Now denote the  component o f  
Sy^ H N c o n ta in in g  x ^  by I f  a e f o r  any Of, then by
the  m a x im a l i ty  o f  a, Sa = SyQ; t h a t  i s  to  im p ly  M = In
t h i s  case i t  i s  obv ious  t h a t  M fl P- ¥ O the rw ise  a £ Mex
f o r  each ex, and under th is  assumption i t  f o l lo w s  th a t  p
f o r  each a .  S ince N fi K = □ ,  N D Sy^ i s  a p rope r subse t o f
Sya ; and by theorem 0 .1  we have t h a t  D F(N) 4 □ .  Combining
these o b s e rv a t io n s  y ie ld s  th a t  l im  sup p } and l im  sup
fi i f l  F(N) ¥  □ .  Because a € l im  i n f  M , l im  sup M is  connected . a. a  a
As the n e t  (y  ) converges to  y , l im  sup Sy = Sy. But a € Sy and 
i t s  be ing s£-maximal im p l ie s  Sy » Sa.
T h e re fo re  l im  sup is  a connected subse t o f  Sa, con ta in e d  in  
and m eeting the boundary o f  N, I t  then fo l lo w s  t h a t  l im  sup 
so M H P ¥ □ .  As the la b e l in g  o f  the s e p a ra t in g  se ts  P and Q was
a r b i t r a r y ,  we have th a t  M fl P 1 □  and M fl G ^  P  ■ T h e re fo re  
a is  a lo c a l  s e p a ra t in g  s e t  o f  Sa, and the  p ro o f  i s  com ple te .
1.17 Remark. As a consequence o f  the  p ro o f  o f  t h i s  lemma, 
no t  o n ly  i s  the p o in t  a a lo c a l  s e p a ra t in g  p o in t  o f  Sa, bu t the 
lo c a l  s e p a ra t io n  o f  Sa is  c om pa t ib le  w i th  the lo c a l  s e p a ra t io n  o f  
S. Tha t i s ,  i f  N is  a c lo sed  neighborhood o f  S in  which a 
sepa ra tes  a component, C, then N fl Sa is  a r e l a t i v e  c losed  
ne ighborhood o f  Sa in  which a cu ts  i t s  component M. Moreover,
i f  C \(a }  = P U Q with P* fl ft = then M \{a }  = CP fl M) U ( d f l  H)
w i th  (p n m ) 1 n (Q. n M)'* = [ a ] .
2
1.18 Theorem. Le t S be a continuum  s a t i s f y in g  S = S, a 
an s£-maximal e lem ent o f  S n o t  con ta in e d  in  K. I f  a i s  a lo c a l  
s e p a ra t in g  p o in t  o f  S, then a is  a lo c a l  s e p a ra t in g  p o in t  o f  
gS U hS f o r  some p a i r  o f  idem potents  g and h con ta in e d  in  K .3
P r o o f . Suppose N i s  a c lo sed  ne ighborhood o f  a d i s j o i n t  
from  K, and t h a t  a separa tes  the component C o f  N c o n ta in in g  a.
Thus C \ {a j  -  P U Q and p" p| Q,' = { a ) .  Now f o r  each idem potent e
o f  K , denote the  component o f  eS fl N c o n ta in in g  a by M .9 ©
Because NH (gS U hS) i s  a r e l a t i v e  c losed  ne ighborhood o f  a in
gS U hS f o r  each p a i r  o f  idem potents  g and h in  K , i t  s u f f i c e s
to  show th a t  Mg H P ^ and M^ n Q ^  □  f o r  some idem potents  g
and h in  K ..a
W ith  t h i s  end in  mind s e le c t  an idem potent f  in  K and an i r r e d u c -3
i b l e  semigroup from  f  to  K. By the  p reced ing  remark (1.17) th e re  e x is t s  
a n e t  ( x ^ ) . in  Sa f| P conve rg ing  to  a. S ince STa = Sa, th e re  e x i s t s
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a net (y^) in S (w ith  same domain) such th a t e YqJP f ° r each Gi.
As S i s  compact i t  may be assumed t h a t  ( y  ) converges to  some
e lem en t y i n  S. L e t  deno te  the  component o f  y^Ta p, N c o n ta in in g
x . I f  a € M f o r  some OL, then by lemma 1 .14  y Ta c  qS f o r  some 
0£ Od O!
id e m p o te n t  g in  K . T h e re fo r e ,  in  t h i s  case , M c  M so
a a  g
Mg p P □ .  O th e rw is e . i t  may be assumed th a t  a ^ fo r  each a .
In  th is  case M C P fo r  each a , and so lim  sup M e  P. I t  is 
a  r  a
r e a d i l y  v e r i f i e d  now t h a t  l im  sup M C  yTa fl P and t h a t  l im
Of
sup fl F(N).. ^  . A ls o ,  s in c e  a e l im  i n f  M^, l im  sup
i s  c o n n e c te d .  U s ing  limma 1 .14  once a g a in ,  we have t h a t  
yTa c  gS f o r  some id e m p o te n t  g in  Ka ; th u s  l im  sup C  so 
i t  f o l l o w s  t h a t  M p, P ?* □  . S i m i l i a r l y  i t  i s  seen t h a t  th e re  
e x i s t s  an id e m p o te n t  h i n  Kg such t h a t  Q. fl 4 ^  , and the  
p ro o f  i s  c o m p le te .
Now assume th a t '  K ‘i s  r i g h t  s im p le ; ,  i . e . , '  K i s  a‘ m in im a l ' r i g h t  
i d e a l  o f  i t s e l f .  Then f g  -  g and g f  = f  f o r  each p a i r  o f  id em p o ten ts  
g and f  i n  K . Thus gS = fg S  e  fS  = g fS  e  gS, w h ich  im p l ie s  t h a t  
gS = fS f o r  each p a i r  o f  id e m p o te n ts  in  K . Combining t h i s
3
o b s e rv a t io n  w i t h  theorem  l . l j j  and p r o p o s i t i o n  1 .1 0 ,  we o b ta in  the  
f o l l o w i n g  c o r o l l a r y .
1 .19  C o r o l l a r y . L e t  S be a l o c a l l y  conn ec te d  c on t in uum  
2
s a t i s f y i n g  S = S, a e s\ k  an =6-maximal e le m e n t  o f  S. I f  K i s
3
r i g h t  s im p le ,  then  a i s  n o t  a l o c a l  s e p a ra t in g  p o in t  o f  S.
P r o o f . I f  a i s  a l o c a l  s e p a ra t in g  p o i n t  o f  S, a i s  a l o c a l  
s e p a ra t in g  p o in t  o f  gS U hS f o r  some p a i r  o f  id e m p o te n ts  g and h 
in  K . S ince  K i s  r i g h t  s im p le ,  gS U hS = fS  f o r  any id e m p o te n t
3 3
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f  in  K ; so a is  a lo c a l  s e p a ra t in g  p o in t  o f  fS f o r  each idem potent 
f  e K . But fS is  a l o c a l l y  connected continuum , and thus a i s  an
3
i n t r i n s i c  p o in t  o f  fS by p r o p o s i t io n  1 .10 .  T h is  i s  in  c o n t r a d ic t io n  
to  theorem 1 .15 ; th e r e fo re  a must n o t  be a lo c a l  s e p a ra t in g  p o in t  
o f  S.
T h is  l a s t  c o r o l l a r y  may b e o b ta in e d  from theorem 5 o f  [Cohen and 
Koch; 1965.1. However we were led to  i t  here in  a n a tu r a l  manner
by d i f f e r e n t  methods. We proceed now to  one o f  the  main theorems
o f  t h i s  c h a p te r .
2
1.20 Theorem. Le t S be a continuum  w i th  S = S, a an 
^ -m ax im a l e lem ent o f  S, a e SE. I f  a i s  a lo c a l  s e p a ra t in g  p o in t  
o f  S, then a e K.
P r o o f . I f  a c SE, by the m a x im a l i ty  o f  a i t  f o l lo w s  th a t  
Sa = Se f o r  some e e E* I f  a were a lo c a l  s e p a ra t in g  p o in t  o f  S 
and n o t  c o n ta in e d  in  K, then a would be a lo c a l  s e p a ra t in g  p o in t  
o f  Sa (lemma 1 .1 6 ) .  S e le c t  an i r r e d u c ib le  semigroup T from  
e to  K. A c o n t r a d ic t i o n  i s  e s ta b l is h e d  by showing e would be a 
lo c a l  s e p a ra t in g  p o in t  o f  T .  As the map t  -* a t  i s  a homeomorphism
of. T o n to  aT c a r r y in g  a to  e , i t  s u f f i c e s  to  show a i s  a lo c a l
s e p a ra t in g  p o in t  o f  aT.
W ith  t h i s  end- in  mind choose a r e l a t i v e  c losed  neighborhood N o f  
a in  Sa, N fl K « □  , and suppose a separa tes  the  component C o f  
N c o n ta in in g  a; i . e . ,  C \ {a )  = P U Q. w i th  P fi Q' = [ a ] .  Denote 
the  component o f  aT f| N c o n ta in in g  a by M. We in te n d  to  show th a t  
H f l N Q ^ H f l l i .  S e le c t  a n e t  (x ^ )  in  P conve rg ing  to  a; denote
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the component o f  x  T fl N by M . I f  a € M. f o r  any a, then a = x ta ci a  a
f o r  some t  e T ; i . e . ,  a e S t .  S ince a i s  id-maximal, t h i s  would 
im p ly  t h a t  Sa = S t ,  in  which case J (a )  = J ( t ) .  But because 
T fl j L  = {e l  t h i s  im p l ie s  t  = e, and so x = a, a c o n t r a d ic t i o n .
6  Of
Thus i t  may be assumed t h a t  a i  f o r  each a. Using techn iques  
s im i l a r  to  lemma 1.16, we o b ta in  t h a t  l im  sup aT n P", l im
sup is  connected, and l im  sup fl F(N) 4 □ .  Since a €
l im  sup Mffit t h i s  im p l ie s  th a t  l im  sup M, and hence M fl P. 4 □ .
S im i l a r l y  i t  f o l lo w s  th a t  M R  Q. ^  and so a i s  a lo c a l  s e p a ra t in g  
p o in t  o f  aT. A l l  o f  t h i s  i s  a c o n t r a d ic t i o n  to  the assumption 
t h a t  a i  K, and the  p ro o f  is  com ple te .
1.21 C o r o l l a r y . Le t S be a continuum  w i th  a ze ro  and
s a t i s f y i n g  S = SE. Then no sd-maximal e lem ent o f  S i s  a lo c a l
s e p a ra t in g  p o in t  o f  S.
P ro o f . S ince S has a zero  and no id-maximal e lements equals  
z e ro ,  the c o n c lu s io n  fo l lo w s  im m e d ia te ly  from  the  theorem.
The f o l l o w in g  g iv e s  the  n e c e s s i ty  o f  the  h y p o th e s is  "a  an 
id-maximal e lement o f  S n o t  con ta ined  in .K Hi n  the  p reced ing  theorems.
1.22 Example. The example is  o f  a semigroup S s a t i s f y i n g  S = E
and hav ing  an id-maximal a con ta in e d  in  K which sepa ra tes  S’ .
L e t  !q denote the u n i t  i n t e r v a l  w i th  r i g h t  t r i v i a l  m u l t i p l i c a t i o n  
( i . e . ,  xr.y = y ) , and 1^ denote the  u n i t  i n t e r v a l  w i th  "m in  m u l t i p l i ­
c a t io n  ( i . e . ,  xy  =* min { x , y } ) .  Then lg  x 1^ is  a semigroup under 
c o o rd in a te w is e  m u l t i p l i c a t i o n .  Consider the subsemigroup S o f  
10 *  I j ,  S « U * , y )  € l 0 x i l  : y £ -2 x  + 1] U { ( x , y )  e 1Q x I j  :
y ^  2 x 1] (see f i g .  l ) . For each ( x q , yQ) € N, L.(xo , y o ) =
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{ ( x Qy) € N : y £ yQ) and K = { ( x , y )  e N : y = 0, 0 £  x £ 1 } .  I t
i s  r e a d i l y  v e r i f i e d  t h a t  the  p o in t  a = ( 2 >0 ) i s  an s£-maximal
e le m e n t  o f  S, and a i s  a o u t p o in t  o f  S.
F ig .  1.
I f  o u r  a t t e n t i o n  i s  s h i f t e d  f ro m  s£.-maximal e lem e n ts  to  J?-maximal 
e le m e n ts ,  we o b ta in  th e  n e x t  r e s u l t  as a c o r o l l a r y  o f  theo rem  1 .2 0 .
2
1.23 C o r o l l a r y . L e t  S be a co n t in u u m  s a t r f y i n g  S = S and 
S j* K . I f a i s a  ^ -m a x im a l e le m e n t  o f  S, then  a i s  n o t  a l o c a l  
s e p a ra t in g  p o in t  o f  S.
P r o o f . I f  a i s  ^ -m a x im a l and S 4 K, then  a i  K . S ince  a is  
^ -m a x im a l ,  by theorem 0 .6  a i s  ^ -m a x im a l .  Thus by theorem  0 .8  
a e SE. But a ls o  be theorem 0 .6  a i s  ^ .-m ax im a l;  so by com b in ing  
t h i s  w i t h  theorem 1 .2 0 ,  i t  f o l l o w s  t h a t  a i s  n o t  a l o c a l  s e p a ra t in g  
p o in t  o f  S.
As a consequence o f  t h i s  c o r o l l a r y ,  i f  S i s  a c o n t in u u m  such t h a t
2
e v e ry  p o in t  o f  S i s  a l o c a l  s e p a r a t in g  p o i n t  o f  S, then  S = S 
im p l ie s  S = K. Some exam ples cove red  by t h i s  a re  the  f o l l o w i n g :  
the  1 -s p h e re  S * ;  th r.ee ta n g e n t  S ^ ' s ;  S* to g e th e r  w i th  a d ia m e te r ;  
two d i s j o i n t  S^ ' s  j o i n e d  by an a r c ;  and v a r i a t i o n s  o f t t h e s e  i n  wh ich  
a rcs  a re  re p la c e d  by " l o n g "  a r c s .  (Some o f  these  were known to  
Koch and W a lla ce  [1 9 5 8 3 ) *
Before proceed ing  to  the lo c a l : s e p a r a t in g  p r o p e r t ie s  o f:  maximal 
^ - c la s s e s ,  we g iv e  an a p p l i c a t io n  o f  some o f  the  preced ing  
theorem s.
1.24 Example. L e t  S be the  space o f  tangen t c i r c l e s  conve rg ing  
to  a p o in t  e , as i l l u s t r a t e d  in  f i g .  2 .
C X )0 C c o c o  .
F ig .  2 .
S' may be desc r ib e d  as the  one p o in t  c o m p a c t i f ic a t io n  o f
U {?' : n >  0 } ,  where S'^ i s  the c i r c l e  cen te red  a t  the p o in t
(n ,o )  o f  the  p lane  hav ing  ra d iu s  ■£; the  p o in t  a t  i n f i n i t y  is
denoted e .  The c la im  i s  t h a t  i f  S adm its the s t r u c t u r e  o f  a
2
semigroup s a t i s f y i n g  S = S, then S = K.
Assume now th a t  S 4 K, and th rough a s e r ie s  o f  o b s e rv a t io n s  we 
s h a l l  a r r i v e  a t  a c o n t r a d i c t i o n .  As no maximal e lem ent i s  a 
lo c a l  s e p a ra t in g  p o in t  o f  S' ( c o r o l l a r y  1 .23 ) ,  e must be the 
unique maximal e lement o f  Si. But S \ [ e )  i s  then the  unique maximal 
p r o p e r ' i d e a l  o f  S- (rem ark  0 . 7 ) ;  and because the  complement o f  each 
id e a l  c o n ta in s  an idem poten t (theorem 0 .9 ) ,  e “  e .  S ince each 
p rope r  id e a l  i s  co n ta in e d  in  a maximal p roper id e a l ,  and because 
S '\{e )  i s  the unique maximal p rope r id e a l ,  i t  must be th a t  S = SeS.
We thus have a semigroup S w i th  a. maximal idem poten t e Such th a t  
S = SeS. Ano ther m u l t i p l i c a t i o n ,  o ,  i s  in t ro d u c e d  on S as fo l lo w s :  
f o r  x  and y e lements o f  S, d e f in e  xOy = xey . Then (S ,o ) i s  e a s i l y
seen to  be a to p o lo g ic a l  semigroup w i th  the m u l t i p l i c a t i o n  o
s a t i s f y i n g  xoy = xoeoy; i . e . ,  e is  a " m id d le "  u n i t  o f  ( S , o ) . A lso
S \{e }  i s  an id e a l  in  ( S ,o ) ;  in  p a r t i c u l a r  the  m in im a l id e a l  K 1 o f
(5 ,o )  i s  n o t  a l l  o f  S. Thus (S ,o ) i s  a t o p o lo g ic a l  semigroup
s a t i s f y i n g  the  same g e n e ra l p r o p e r t ie s  as the  o r i g i n a l  semigroup
(namely S ¥ K 1 and SoS = S) w i th  the  a d d i t io n a l  p ro p e r ty  th a t
e is  a m id d le  u n i t .  Thus we may assume th a t  the  semigroup S
s a t i s f i e s  S = SeS, S 4 K and xy  = xey f o r  each x , y € S.
Suppose now t h a t  f  i s  an idem potent i n  S; then f  -  f f  = f e f .
T h e re fo re  the  maps p : fS  -* efS and X : efS -* f y  are homeomorphisms.
Indeed f o r  x  c fS ,  Xp(x) = fe x  = f x  = x ;  and f o r  y e e fS ,
y = e fq  f o r  some q c S; so pX(y) = p  X (e fq )  = e fe fq  = e fq  = y.
Since e i s  c l e a r l y  an i n t r i n s i c  o f  S, i t  f o l lo w s  by theorem 0.5
(and the  f a c t  t h a t  p e r i p h e r ^ l i t y  i s  a lo c a l  p ro p e r ty )  t h a t  e is
n o t  an e lem en t o f  (S e )° -  Thus by p r o p o s i t io n  0.12 i t  f o l lo w s  th a t
e is  n o t  an is o la te d  p o in t  o f  the  s£-maximal e lements o f  S.
Combining theorem 0 .10 w i th  remark 0 .7 ,  we have th a t  the complement
o f  each maximal s£-class is  open, dense, and connected. Hence each
maximal ^ - c la s s  is  c lo se d  and meets each in  a t  most one p o in t .
Consequently  each maximal :£ -c lass  c o n ta in s  o n ly  a f i n i t e  number
o f  e le m e n ts .  As e i s  n o t  an i s o la t e d  p o in t  o f  the s6-maximal
e lem ents , each neighborhood o f  e c o n ta in s  a l l  bu t f i n i t e l y  many o f
the maximal ^ - c la s s e s .
L e t  V be a ve ry  sm a ll ne ighborhood o f  e and p an aS-maximal
e lement o f  S con ta ined  in  V. Because p € Sp (theorem 0 .8 )  and
Sp = Sep, i t  i s  immediate th a t  By the  p reced ing
P eP
d is c u s s io n  we may assume t h a t  &  C  V; hence we may assume p € eS.
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By theorem 1.18 p i s  a lo c a l  s e p a ra t in g  p o in t  o f  gS U f'S f o r  some 
p a i r  o f  idem potents  g and f  in  Kp. Since ( i )  gep gp = p, 
fep  = fp  = p, and ( i i )  gS = geS, fS = feS ; i t  f o l lo w s  t h a t  ge and 
fe  are in  Kpt and p i s  a lo c a l  s e p a ra t in g  p o in t  o f  geS U feS . We 
assume then t h a t  ge = g and fe  = f .  Note t h a t  p is  p e r ip h e r a l  in  
gS and fS (theorem 1 .1 5 ) ,  so p i s  n o t  a lo c a l  s e p a ra t in g  p o in t  
o f  e i t h e r  gS o r  fS  ( p r o p o s i t io n  1 .1 0 ) .  A p i c t u r e  would now be 
a p p ro p r ia te .
F ig .  3 .
As p i s  v e ry  near e , K is  d i s j o i n t  from  Sn as in d ic a te d  in  f i g .  3-
Le t A denote the a rc  from a to  b n o t  c o n ta in in g  p, B the a rc  from
p to  a c o n ta in in g  b, and 0 th e  a rc  from p t o  a n o t  c o n ta in in g  b.
Since p i s  a lo c a l  s e p a ra t in g  p o in t  o f  gS U fS  and n o t  o f  gS o r
fS , and whereas S^ fl K = □ ,  the  a rc  B is  co n ta in e d  in  e i t h e r  fS
o r  gS. Assume B C fS ,  in  which case C must be con ta ined  in  gS.
F i n a l l y  because eSe i s  connected, c o n ta in in g  e and m eeting K,
the arc  A i s  co n ta in e d  in  eSe.
Now. the  map : f s . ^  e fS ,.■ d e f in e d  by p (x )  = exi i s  a homeomorphism
on to  le a v in g  the p o in ts  p, a, and b f i x e d .  T h e re fo re  p^(B) i s  an
arc  w i th  end p o in ts  a and p, c o n ta in in g  the p o in t  b; and so
B = Pf (B) C  eS. A ls o  the map p  : gS -* egS d e f in e d  by p  (x )  = ex
9 9
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is  a homeomorphism on to  le a v in g  p and b f i x e d .  Thus Pg(C) i s  an
arc w i th  end p o in ts  p and b .  By theorem 0 .1 4  i t  i s  r e a d i ly
v e r i f i e d  t h a t  S i s  n o t  co n ta in e d  in  eS s in c e  S fl K = □ .  But n n
ph (C) C eS and is  an arc  w i th  e n d p o in ts  a and p; t h e re fo re
Pg(C) = B. That i s  to  say eC = B. L e t  xQ e C such th a t
ex » b, in  which case gb = gex = gx -  ■ x  . o o o o
W ith  the s t r u c tu r e  o f  S be ing  thus de te rm ined , s e le c t  a th read  
T from  e to  K [Koch ; 1964 ].  Because p was chosen near e, b must 
be an e lem ent o f  T . Thus xq = gb i s  an e lem ent o f  gT which is  
an arc  w i th  one end p o in t  ge, the  o th e r  e n d p o in t  an e lement o f  K.
S ince p {  Se (theorem 1 .2 0 ) ,  i t  i s  obv ious  t h a t  p e gT, and hence 
the  e n d p o in t  ge must be con ta in e d  in  the a rc  w i th  end p o in ts  xq 
and p and n o t  c o n ta in in g  b. I t  i s  c le a r  then t h a t  ge i s  a lo c a l  
s e p a ra t in g  p o in t  o f  gS. But ge = g i s  a ^ -m ax im a l e lem ent o f  the  
semigroup gS. T h is  e s ta b l is h e s  a c o n t r a d ic t i o n  to  c o r o l l a r y  1 . 2 3 , 
and th e re fo re  the assumption t h a t  S ^  K must be f a l s e .  Q.E.D.
A few th in g s  o f  i n t e r e s t  m ig h t  be p o in te d  o u t  conce rn ing  te c h n i -  
,ques o f  the  p re v io u s  ex.ample. F i r s t  i t  shou ld  be noted t h a t  i f  a space
adm its the  s t r u c t u r e  o f  a semigroup S w i th  S = SeS f o r  some
idem poten t e , then i t  adm its the  s t r u c tu r e  o f  a semigroup such
th a t  e i s  a "m id d le 11 u n i t .  Moreover i f  e i s  a m idd le  u n i t  in  S,
then the map x  -* ex i s  a homomorphism o f  S o n to  eS and t h i s  map
r e s t r i c t e d  to  fS is  a homeomorphism f o r  each idem poten t f  i s  S.
Thus the s tu d y  o f  semigroups w i th  m idd le  u n i t s  may p o s s ib ly  be a
2
u s e fu l  te ch n iq u e  in  the s tudy  o f  semigroups S w i th  S = S.
For the l a s t  p a r t  o f  t h i s  c h a p te r  we s h a l l  concern o u rs e lv e s  w i th  
the lo c a l  s e p a ra t in g  p r o p e r t ie s  o f  maximal ^ - c la s s e s .  Our i n t e r e s t
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in  t h i s  i s  to  g iv e  c o n d i t io n s  under which a maximal idem poten t cannot 
have a 2 -d im e n s io n a l E uc lidean  ne ighborhood.
1.25 D e f i n i t i o n . A s e t  A in  a continuum  X is  a lo c a l  
s e p a ra t in g  se t  a t  the  p o in t  p i f  th e re  e x i s t s  sm a ll open se ts  V 
o f  p such th a t  A sepa ra tes  the component o f  V c o n ta in in g  p .
1.26 Theorem. L e t  S be a continuum , S 4 K, and s a t i s f y i n g
S = SeS f o r  some idem potent e .  I f  W i s  connected and a b e l ia n ,
0
then At' i s  n o t  a lo c a l  s e p a ra t in g  s e t  o f  S a t  any p o in t  o f  U  .6 0
P ro o f .  S ince %C i s  connected and a b e l ia n ,  th e re  e x i s t s  an — —~  e
i r r e d u c ib le  semigroup T from e to  K such t h a t  hT = Th f o r  each
h C [Hofmann and M o s te r t ;  1966. theorem IV ] .  Suppose a € ^  .0 0
V is  an open s e t  c o n ta in in g  a and d i s j o i n t  from  K. L e t  C denote
the  component o f  V c o n ta in in g  a and suppose f u r t h e r  t h a t  = P U Q,0
. .. n n — I I — D n rv* .. . . . _ _ _»» r
W l th p" H Q = □  -  P f| Cf , We shall f i r s t  show that C f| P* ^  ¥ D*
W ith  t h i s  end in  mind suppose C f| p" fl Q = □ . '  Then C f| P“  anti 
C f| Q,“  are r e l a t i v e l y  c losed  subse t o f  C and as they are  d i s j o i n t  
t h e i r  un ion  i s  n o t  C. Thus th e re  e x is t s  a p o in t  b in  C\P'‘ U Q ).. 
Le t U be an open s e t  c o n ta in in g  b such t h a t  U .^  V and 
Ij. 0 (P”  U Q ) = □ .  L e t  A be a connected subse t o f  U" such th a t  
A n U = {b ]  and A f| F{U) 4 □ .  (A may be taken to  be the  component 
o f  bT n lT  c o n ta in in g  b ) . Then A S  V and hence A C C .  S ince 
A n (P n 5  ) 8 □ ,  A must be c o n ta in e d  in  U , a c o n t r a d i c t i o n .“ U i . e
_
T h e re fo re  th e re  e x i s t s  a p o in t  b in  C fl P" fl (£'•
We s h a l l  now o b ta in  a c o n t r a d ic t io n  to  p r o p o s i t io n  1.11 by showing 
e is  a lo c a l  s e p a ra t in g  p o in t  o f  T under these  c o n d i t io n s .  As the
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map t  -* t b  i s  a homeomorphism o f  T o n to  Tb ta k in g  e to  b, i t  
s u f f i c i e s  to  show t h a t  b would  be a l o c a l  s e p a ra t in g  p o in t  o f  Tb. 
W ith  t h i s  end now in  m ind l e t  N be a c lo s e d  ne ig h b o rh o o d  o f  b 
c o n ta in e d  in  V, and deno te  the  component o f  Tb fl N c o n t a in in g  b 
by M. A l l  t h a t  needs t o  be shown i s  t h a t  M p, P ^  □  ¥ M f| Q, 
s in c e  : M \ [e }  = M Ua C  P U Q.
the
S e le c t  a n e t  ( x ^ )  i n  P f) N c o n v e rg in g  to  b. S ince  S = SeS, 
re  e x i s t s  n e ts  (p ^ )  and (g ^ )  in  S such t h a t  x ^  ~ pf f  e q ^ .  In
v ie w  o f  the  compactness o f  S, i t  may be assumed t h a t  (p ) converges
Oi
t o  p and t h a t  (q ^ )  conve rges  t o  q f o r  some p and q in  N. C le a r ly
b = peq, and by the  m a x im a l i t y  o f  b i f  f o l l o w s  e a s i l y  t h a t  pe e eS
and eq e Se; in  p a r t i c u l a r  pe e U  and eq g V  . T h e re fo re6 6
pTq = peTeq = Tpeq = Tb and so l im  sup p Tq = l im  i n f  p t q  = T b .
Ci Gt Of fy
L e t  M deno te  the  component o f  p Tq f l N c o n t a in in g  x  . I f  m  r  a
Ma  P ^  then s in c e  T n = { e ]  and S \£e i s  an id e a l  i t  would
f o l l o w  t h a t  p e e U  and q e e U  . T h is  o f  co u rse  w ou ld  im p ly  t h a t  Of 6 6
x  e V  . a c o n t r a d i c t i o n .  T h e re fo re  PI p U  =* □ ,  and so M . . C P ,  a  e a ‘ e oi
By theorem  0 .1  f l F(N) 4 □ .  I t  f o l l o w s  then  than  l im  sup
M e  P" n Tb n  N and l im  sup PI f| F(N) ^  O .  As b e l im  i n f  M ,
0 , 0  a
l im  sup i s  connec ted  and i s  t h e r e fo r e  c o n ta in e d  in  M. T h e re fo re  
M fi P ^  a ls o  i t  may be shown t h a t  Q fi M ^  so b i s  a lo c a l  
s e p a ra t in g  p o in t  o f  T b .  T h is  com p le tes  th e  p r o o f .
1 .27 Lemma. I f  S i s  a con t inuum  w i t h  i d e n t i t y  e , and S i s  n o t
a q roup , then U  i s  n o t  a lo c a l  s e p a ra t in g  s e t  o f  S a t  any p o in t
G
o f Ue
P r o o f . E v e ry th in g  b e in g  the  same as the  p r o o f  o f  theorem  1 .26 ,
MhT = Th f o r  each h "  i s  n o t  needed, and we f i n i s h  the  p r o o f  in
6
th e  same manner.
S ^  K, i f  e i s  a ^ -m a x im a l id e m p o te n t  o f  S, a e j L ,  then  U  i s  n o t6 3
a l o c a l  s e p a ra t in g  s e t  o f  aSa a t  any p o i n t  o f  y  .3
P r o o f . S in c e  a e i t  f o l l o w s  f ro m  theorem 0 .13  t h a t  
aSa i s  homeomorphic t o  eSe by a homeomorphism t a k i n g ^  o n to  U  .3 6
The c o n c lu s io n  f o l l o w s  f ro m  lemma 1 .2 7 .
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1 .29  Theorem . L e t  S be a con t in uum  s a t i s f y i n g  S = S and S 4 K. 
! f  e i s  a maximal id e m p o te n t  o f  S w i t h  t o t a l l y  d is c o n n e c te d ,  
then  $ i s  n o t  a l o c a l  s e p a r a t in g  s e t  o f  S a t  any p o in t  o f  .
P r o o f . L e t  a e $ and V an open s e t  o f  d i s j o i n t  f ro m  K..
Suppose t h a t  C \$e = P (J Q w i t h  P* fl Q = □  = P fl CT* As i n  the
p r o o f  o f  theorem  1 .26 ,  t h e r e  e x i s t  an e le m e n t  b in  C fl P" H Q •
L e t  U be an open s e t  o f  b such t h a t  U c  V, and l e t  M d e n o te  th e  
component o f  U n bSb c o n t a in in g  b .  We s h a l l  o b ta in  a c o n t r a d i c t i o n  
by show ing ^  i s  a l o c a l  s e p a r a t in g  s e t  o f  bSb a t  b f o r  w h ich  
i t  s u f f i c e s  to  show M n P 4 M f j  Q* W ith  t h i s  end i n  mind 
s e l e c t  a n e t  (x^,) i n  P f l U c o n v e rg in g  t o  b .  Then th e r e  e x i s t
n e ts  ( p j  and (q  )  i n  S .such  t h a t  x  e P Sq . Because S i s
U  U  Q£ UC U£
conve rges  to  pSq and b pSq. S ince  b i s  ^ -m a x im a l,  i t  f o l l o w s
l e t  p = e f o r  each a .  I t  i s  then n o ted  t h a t  the  c o n d i t io n  
a
2
1 .28  C o r o l l a r y . L e t  S be a co n t in u u m  s a t i s f y i n g  S = S and
com pact, i t  may be assumed
conve rges  to  q f o r  some p and q in  S . Then Pa Sqff
t h a t  pSq = bSb. L e t  M denote the  component o f  U f| P,vScU
QC UC U
c o n ta in in g  x  . I f  b e H f o r  any ct, then p Sq = bSb, so M = M :
*  a a  7 ’ r oj a  '  a
and we then have M f l P /  □ ,  • T h is  i s  what was to  be shown.
Now i t  i s  assumed t h a t  b 4 M f o r  each a , in  which case M C P.
d a
f o r  each a .  As be fo re  we o b ta in  t h a t  l im  sup i s  a non-
degenerate  continuum con ta in e d  in  P”  fl bSb f| U. S ince is
t o t a l l y  d isco n n e c te d ,  l im  sup is  n o t  c o n ta in e d  in  i t
may be v e r i f i e d  t h a t  l im  sup M fl P s* Q , from  which i t  f o l lo w sct
H f l P • In a s im i l a r  manner i t  is  shown th a t  M Q ^  ,
and so * s a l ° c a l  s e p a ra t in g  s e t  o f  bSb. T h is  e s ta b l is h e s
the c o n t r a d ic t i o n ,  and the p ro o f  i s  com p le te .
CHAPTER 2
SEMIGROUPS ON FINITELY FLOORED SPACES
Cohen and Koch [1 9 6 5 ]  have shown th a t  i f  S i s  a t o p o lo g ic a l  sem igroup 
on a compact connected tw o -m a n ifo ld  w i th o u t  boundary s a t i s f y i n g  
S = ESE, then S = K. In t h i s  chap te r  we g e n e ra l iz e  t h i s  to  a 
c la s s  o f  f i n i t e l y  f lo o r e d  spaces. We proceed w i th  a theorem o f  
W a llace  [1961 ] s ta te d  in  a s l i g h t l y  d i f f e r e n t  v e rs io n  o f  i t s  
o r i g i n a l  fo rm .
I f  A is  a c losed  subset o f  a space X and h i s  an e lement o f
4 in (X ) ,  then h.|'A denotes the image o f  h under the  n a tu ra l  
homomorphism Hn (X) ^  Hn { A ) .
2 .1  Theorem. Let X and Y be compact spaces, and ^  a c lo sed  
r e la t i o n  from  X to  Y such t h a t  L(A) D L(B) i s  connected f o r  each 
p a i r  o f  c lo se d  subset A and B o f  X. I f  h e H*(X) has the  p ro p e r ty  
t h a t  h | L ('y) = 0 f o r  eac*1 Y f  Y, then h| L ^A) = 0 f o r  each c lo sed  
subset A o f  Y.
P r o o f . Suppose th a t  the  c o n c lu s io n  is  f a l s e .  S e le c t  a subse t 
F o f  Y m in ifoa l r e l a t i v e  to  be ing  c lo sed  and s a t i s f y i n g  ^  0 .
S ince hj = ® ^o r  eac^ Y € Y, F is  n o t  a s in g le  e lem en t;
th e r e fo re  F = A U B where A and B a re  p rope r c lo sed  subse ts  o f  F. 
C ons ider the  e x a c t  sequence:
J .
- *  H °(L (A )  n  L(B)> H1( L (F ) )  ^  h V W )  x  H ^ H B ) )  -  .
By the m in im a l c o n d i t io n s  on F, h /L (A )  *  0 and h | L (Bj  =  Oi thus
J (h j ' t ^ p ) ) '  = 0 .  But L(A) f| L(B) i s  connected , so J ’ i s  1 -1 , and
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t h e r e fo r e  h j ^ p j  = 0 .  T h is  i s  a c o n t r a d i c t i o n  to  the  h y p o th e s is  by 
w h ich  F was chosen ; hence = 0 ^o r  each c lo s e d  s u b s e t  A o f  Y .
2 .2  D e f i n i t i o n . L e t  X be a space and L a subse t o f  Hn (X ) .
A c lo s e d  su b s e t  F o f  X i f  a f l o o r  f o r  L i f  ( i )  h 1(: = 0 f o r  each
1F
h e L and ( i i )  f o r  each p ro p e r  c lo s e d  s u b s e t  A o f  F, t h e r e  e x i s t s
an e le m e n t  h i n  L such t h a t  h . .  = 0 ,  I f  L c o n s is t s  o f  a s in g le
| A
e le m e n t  h , F i s  c a l l e d  a f l o o r  f o r  h .
; I f  X is,..a compact .space and L H n (X)  n o t  c o n t a in in g  0, then th e re  
e x i s t s  a f l o o r  F f o r  L .  In  p a r t i c u l a r  i f  A i s  a c lo s e d  s u b s e t  o f  
X such t h a t  h |p ’ 4 0 f o r  each h e L , then  F may be chosen as a 
s u b s e t  o f  A .  By u s in g  t h i s ,  i t  i s  e a s i l y  v e r i f i e d  t h a t  a f l o o r  
f o r  L i s  th e  c lo s u r e  o f  a u n io n  o f  f l o o r s  f o r  e lem en ts  o f  L .
Indeed suppose t h a t  F f o r  L .  F o r  each h e L s e l e c t  a f l o o r  F^
f o r  h w h ich  i s  c o n ta in e d  i n  F, and l e t  A = (U {F ^  : h c L } ) *  .
Then i t  i s  e a s i l y  seen t h a t  h j ^  ^  0 f o r  ^ach h € L ;  and s in c e  A i s  
a c lo s e d  s u b s e t  o f  F, i t  f o l l o w s  t h a t  A = F.
The f o l l o w i n g " t o p o l o g i c a l  lemma i s  a m o d i f ie d  v e r s io n  o f  t h a t  
due t o  Cohen and Koch [1 9 & 5 ] .
I f  A i s  a c lo s e d  .subse t o f  a space X, r e c a l l  t h a t  X |A  denotes 
the  space o b ta ir ie d . . . f  rom. X by s h r in k in g  A t o  a p o in t .
2 .3  Lemma. L e t  X be a c on t in uum  such t h a t  Hn (X) s* 0 ,  and 
suppose X i s  a f l o o r  f o r  some s u b s e t  L o f  Hn ( X ) . I f  A i s  a p rope r  
r e t r a c t  o f  X, then  Hn (X /A ) ^  0 and X / a  i s  a f l o o r  f o r  some s u b s e t  
Lq o f  Hn ( X /A ) .  M oreover Lq may be chosen t o  be f i n i t e  i f  L i s  
f i n i t e .
P r o o f . L e t  <P:X -* X /A  deno te  the  n a t u r a l  map and p = SP(A) c X/A 
C o n s id e r  the  com m u ta t ive  d iagram  in  wh ich  the  to p  now i s  e x a c t  and 
i s  induced by th e  n a t u r a l  map : (X ,A )  — ( X / A , p ) .
Hn (X ,A ) ^  Hn (X ) -  Hn (A)
Hn (X /A ,p )  -  Hn (X /A)
*
Note  t h a t  by th e  map e x c is io n  theorem  [W a l la c e ;  1 9 5 2 ] , -<P i s  an 
iso m o rp h ism . L e t  L .  G L be th o se  e lem e n ts  h in  L s a t i s f y i n g  h |A  = 0 
For each h e L j  t h e r e  e x i s t s  an e le m e n t  hQ i n  Hn (X /A ) such t h a t  
<p'f (hQ) = h ;  thus  Hn (X /A ) 4 0 .  L e t  Lq C  Hn (X /A ) be a " s e c t i o n "  o f  
Lj*, i . e . ,  f o r  each h € L j  th e re  e x i s t s  a u n iq u e  e lem en t hQ i n  Lq
it
such t h a t  (hQ) = h .  C le a r ly  such a s e t  e x i s t s  and i s  f i n i t e
i f  L i s  f i n i t e .  We s h a l l  show t h a t  X /A  i s  a f l o o r  f o r  L .o
. , By the  manner i n  which- L was chosen i t '  i s  c le a r  t h a t  L „  does '  o o
n o t  c o n ta in  0 .  Suppose now t h a t  B i s  a p ro p e r  c lo s e d  s u b s e t  o f  
X /A  and c o n s id e r  t h e  com m uta tive  d iag ram




Hn (X/A) -  Hn (B)
- 1,where  i s  in d u ce d  by the  r e s t r i c t i o n  o f  <p t o  tp (B) . S in c e  X i s
c o n n e c te d ,  tp * (B )  U A i s  a p ro p e r  c lo s e d  s u b s e t  o f  X .  Hence th e re  
e x i s t s  an e lem ent h i n  L such t h a t  y  0 ;  i n  p a r t i c u l a r
h | “ 1 / R\  = 0 and h i - 53 0 .  Because h j , =  0, h i s  an e lem e n t o fk  (B ) ‘ |A
L j  so th e re  e x i s t s  an e lem en t hQ i n  LQ such t h a t  tp (hQ) = h .  Our 
i n t e n t i o n  is  to  show t h a t  hQ.|B = 0 .  By th e  f a c t  t h a t
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W )  = 0 a"d that V V )  " = *l̂ olB5' U
s u f f i c e s  to  show t h a t  <f»^ i s  l - l .
7 W ith  th is 'e n .d ' in .m in d ,  two cases a r e ' c o n s id e re d ;  ( i )  p = <p(A) e B 
and ( i i )  p = <p(A) e B. In case ( i )  i s  a homeomorphism o f
-1 Vr
(fl (B) o n to  B and thus (fl^ i s  an isom orph ism . In case ( i i )  we 
c o n s id e r  the commutative d iagrem ,
(O *
Hn (B) -*1 Hn (®_1(B ))
‘ -r-
k‘'\  i  "
i 9 *  °
Hn (B ,p ) -  Hn (<p*1(B ) ,A )
where i s  induced by the  r e s t r i c t i o n  o f  ip to  (ip (B )»A ).
Now k is  an isomorph ism and <p2"  i s  an isomorph ism  by the  map
mJm
e x c is io n  theorem [W a l la c e ;  1952 ].  We c la im  t h a t  i  "  i s  1 -1 ; c o n s id e r  
the  e x a c t  sequence:
- ,Hn_1(<p’ 1( B ) ) m-* Hn" 1(A) -  Hn (<fl"1(B ) ,A )  ~ °  h"(<P_ 1(B ) )  -  .
S ince  A i s  a r e t r a c t  o f  X, m i s  o n to .  T h e re fo re  i  ” i s  1 -1 , and
mXt
i t  f o l lo w s  t h a t  i s  1 -1 .  T h e re fo re  h j j g  = and the p ro o f  i s  
com p le te .
7 . The f o l l o w in g  th e o re m ' is  o f  use in  the s e q u e l 'a n d  is  o f  i n t e r e s t  
i n  i t s e l f .
2 .4  Theorem. L e t  S be a continuum  w i th  a z e ro  s a t i s f y i n g  S = ESE.
2
I f  h i s  a non -ze ro  e lem en t o f  H ( S ) , then  th e re  e x i s t  a p a i r  o f  
idem potents  e and f  i s  S such t h a t  h jg e y  g f  ^
P r o o f * Le t F be a subse t o f  E m in im a l r e l a t i v e  to  ( I )  being
c lo sed  and ( i i )  s a t i s f y i n g  h|<,p 4 0 .  (Here we are us ing  the  hypo the s is
2
th a t  S = SE). S ince S has a ze ro ,  H (Se) = 0 ,  so F does n o t  c o n s is t  
o f  a s in g le  p o in t .  Thus F may be expressed as the union o f  two 
proper c lo sed  subsets A and B o f  F . Consider the  M a y e r -V ic to r is  
sequence,
j,
-  H ^S A  n SB) -  H2 (SF) -  H2 (SA) X H2 (SB) -  .
Because o f  the  m in im a l c o n d i t io n s  on F, h | SA = 0 and h | Sg= °J  thus
1
j " ( h | g p )  = 0 .  Hence th e r e  e x i s t s  an e lement hQ in  H (SA fl SB)
such t h a t  £ (h Q) = h . D e f in e  a r e l a t i o n  £ from  SA fl SB from
SA fl SB to  A x B as f o l l o w s :  f o r  x e SA fl SB and ( e , f )  e A x B
l e t  x £ ( e , f )  i f  and o n ly  i f  x £ Se fl S f .  I t  i s  e a s i l y  v e r i f i e d
th a t  £ i s  a c lo sed  r e la t i o n  from  SA fl SB to  A x  B. For each
subse t C o f  A x B, L(C) = U {Se fl S f : ( e , f )  e C ] : t h e r e fo re  L(C)
is  a l e f t  id e a l  in  S. Because S has a ze ro  and S = ES, i t  i s  e a s i l y
v e r i f i e d  t h a t  the l e f t  id e a l  L(M) fl L(N) i s  connected f o r  each
p a i r  o f  c lo se d  subsets  M and N o f  A x B. Now hQ
h^ ic r t  cd = h 4 0, so by theorem 2 .1  i t  f o l lo w s  t h a t  th e re  o|SA fl SB o '
e x is t s  an e lem ent ( e , f )  in  A x B such t h a t  h l l / (  c\ \  4 0 ; i . e . ,
° |  H  (e , f ) )
^o jSe fl S f ^  C°nsid e r  the com mutative d iagram :
H*(SA fl SB) -  h 2 ( sf )
H^(Se) x  H * (S f)  -  H ^ S e  fl S f)  H2 (Se U S f ) .
S ince S has a ze ro , ^  i s  1 -1 .  T h e re fo re  h |Se y  s f  = V ^ S e  n Sf )  4 
0, and the p ro o f  is  c o m p le te .
R e c a l l  t h a t  the p o in t  p i n  a.space X i s  p e rp h e ra l i f  th e re  e x i s t
sm a ll ne ighborhood V c o n ta in in g  p such t h a t  Hn (v ’ ‘ , F (V ))  -= 0 f o r
a l l  n o n -n e g a t ive  n .  From p r o p o s i t io n  0 .2  and theorem 0 .5  we have 
th e  f o l l o w in g  lemma.
2 .5  Lemma. L e t  S be a continuum  w i th  e an idem potent o f  S K.
I f  e € (S e )° ,  then e i s  p e r ip h e r a l  in  S.
2 .6  Lemma. Suppose t h a t  X i s  a continuum  and t h a t  X i s  a f l o o r  
f o r  some subse t L o f  Hn (X ) ;  then each p o in t  o f  X is  i n t r i n s i c .
P r o o f . For each non-empty subse t V o f  X the n a tu r a l  
• ***
homomorphism Hn (X) Hn (X\V) is  n o t  1 -1 .  Indeed s in c e  X is  a 
f l o o r  f o r  L, th e re  e x i s t  an e lement h in  L such t h a t  h j ^ y  = 0 .
2 .7  Theorem. L e t  S be a continuum  s a t i s f y in g  S “  ESE. I f
2
S i s  a f l o o r , f o r  some f i n i t e  s u b je c t  o f  H (S ) ,  then S = K.
2
P r o o f . Because S is  a f l o o r  f o r  some f i n i t e  subse t o f  H ( S ) ,
2
we have in  p a r t i c u l a r  t h a t  H (S) i  Q. I f  S 4 K, then K is  a p rope r
r e t r a c t  o f  S [W a l la c e ;  1957]; so the hypotheses o f  lemma 2 .3  are
s a t i s f i e d .  Thus S/K, the  Rees q u o t ie n t  modulo K, s a t i s f i e s  the
hypo theses ; so i t  may be assumed t h a t  S has a z e ro .
2
Le t L be a f i n i t e  subse t o f  H (S) such t h a t  S is  a f l o o r  f o r  L .  By
theorem 2 .4  f o r  each h e L th e re  e x i s t  idem potents  e^ and f ^  i s  S
such t h a t  h | Se(> y  ^  *  0 .
L e t  A = UfSe^ U Sf^ : h c L } ,  and observe  t h a t  h j ^  4 0 f o r  each 
h € L .  Because L i s  f i n i t e ,  A i s  c lo s e d ;  th e re fo re  A = S s in c e  S
i s  a f l o o r  f o r  L .  We conc lude  th e  e x is te n c e  o f  a f i n i t e  subse t 
( e j ,  e 2 » . . . e n} o f  E such t h a t  S = S e . . C le a r l y  i t  may be
assumed t h a t  e j  i. Sej f o r  1 ^  j .  Hence e ( S e j ) ° ,  so by lemma
2 .5  e^ i s  p e r ip h e r a l  in  S. T h is  e s t a b l is h e s  a c o n t r a d i c t i o n  to  
lemma 2 .6 ,  and th e  p r o o f  i s  c o m p le te .
The c la s s  o f  compact c o n n e c te d ,2 -m a n i fo ld s  w i t h o u t  boundary  are  
co ve re d  by t h i s  theorem , and o th e r  examples a re  r e a d i l y  c o n s t r u c te d .  
T he re  i s  an example o f  a sem ig roup  S w i t h  a z e ro  s a t i s f y i n g  S = ESE 
and H (S) ^  0 [Hudson; 19631• The u n d e r ly in g  space o f  S is  a 
tw o -s p h e re  w i t h  f o u r  c lo s e d  i n t e r v a l s  is s u in g  f ro m  a common p o in t ,  
z ,  on th e  tw o -s p h e re .  The p o in t  z i s  a z e ro  f o r  S and th e  o th e r  
id e m p o te n ts  o f  S a re  th e  f r e e  e n d p o in ts  o f  th e  f o u r  i n t e r v a l s .  In  
v ie w  o f  theorems 2 .7  and .2 .4  t h i s  example i s  i n  a sense a p r o to ty p e  
o f  any such exam p le .
CHAPTER 3
A FURTHER RESULT ON MAXIMAL IDEMPOTENTS
I t  was shown by M o s te r t  and S h ie ld s  [1 9 5 9 ]  t h a t  an i d e n t i t y  
e lem ent o f  a compact connected semigroup S cannot have a E uc lidean  
ne ighborhood un less S i s  a g roup , L a te r  i t  was shown [Cohen and 
Koch; 1965] t h a t  a r i g h t  i d e n t i t y  o f  S cannot have a E uc lid ean  
ne ighborhood un less S i s  l e f t  s im p le .  In t h i s  c h a p te r ,  making 
use o f  r e s u l t s  o f  chap te rs  1 and 2 , we g iv e  c o n d i t io n s  on S under 
wh ich  a maximal idem potent cannot have a two d im ens iona l E u c lid ean  
n e ig h b o rh o o d ^
We proceed w i th  th e  f o l l o w in g  to p o lo g ic a l  lemmas.
3 .1  Lemma. Le t X be a space and suppose X = AU B w i th
A O  B = {p }  f o r  some p c X . I f  h e Hn (A) and A is  a f l o o r  f o r
h , then th e re  e x i s t s  an e lem ent hQ in  Hn (X) such t h a t  ( i )  
hQj A = h and ( i i )  i f  F i s  a c lo se d  subse t o f  X such th a t
h jp  = 0, then A ^  F. T h a t i s  to  say, A is  the  un ique f l o o r  f o r  hQ.
P r o o f . Consider the  M a y e r -V ic to r is  sequence
-  Hn - 1 (A fl B) Hn (X) Hn (A) x Hn (B) -  Hn (A n B) .
J '  i s  o n to ,  so th e re  e x i s t  an e lem ent hQ in  X such th a t
J * ( h Q) = ( h , o ) ;  i . e . ,  h0 | A = h and hQ| B = 0 V Suppose t h a t  F is
a c lo sed  subse t o f  X such t h a t  hQjp  ^ 0 ,  and c o n s id e r




J i s  1-1 and hence J " ( h  i_ )  ^  0 .  S ince  h 11- „  D = 0, we haveo |F  o |F  f| B
h i _ _  . ^  0 .  Bu t A i s  a f l o o r  f o r  h and h i _ „  . = h i _ _  A,
o|  F n  a  o | f n a  | F n  a *
so F f l  A = A .  T h is  com p le tes  th e  p r o o f .
3 .2  Remark. Suppose h e Hn (X) and F i s  th e  un ique  f l o o r  f o r
h .  Then f o r  p e F p i s  an i n t r i n s i c  p o i n t  o f  X .  Indeed i f  V i s  
any open s e t  c o n t a in in g  p ,  then = 0 because F i s  u n iq u e .
T h e re fo re  the  n a t u r a l  homomorphism Hn (X) -» Hn (X \V ) i s  n o t  1 -1 ,  
and i t  f o l l o w s  t h a t  p i s  i n t r i n s i c .  We now have th e  f o l l o w i n g  
c o r o l l a r y .
3 .3  C o r o l l a r y . Suppose S i s  a c on t in uum  w i t h  a z e ro  s a t i s f y i n g
S = ESE. I f  e i s  a j? -m aximal id e m p o te n t  o f  S, then  e i s  n o t  an
2
e lem en t o f  th e  un iq u e  f l o o r  f o r  some e le m e n t  o f  H (S ) .
2
P r o o f . Suppose h e H ( S ) , F i s  a s u b s e t  o f  S such t h a t  F i s  
the  un ique  f l o o r  f o r  h .  By theorem  2 .4  th e re  e x i s t  id e m p o te n ts  
g and f  i n  S such t h a t  h |Sg U S f j* 0 .  S ince  F i s  q n iq u e ,  F i s  
c o n ta in e d  in  Sg U S f .  I f  e j  F, then  e e Sg U S f so i t  may be 
assumed t h a t  Se = Sg s in c e  e i s  j? -m ax im a l.  B u t  then  F i s  c o n ta in e d  
in  Se U S f and F i s  th e  un ique  f l o o r  f o r  h j Se U S f  in  H^(Se U S f ) .
Now e i s  th e  i n t e r i o r  o f  Se r e l a t i v e  t o  Se U S f ,  so by lemma 2 .5  
e i s  p e r ip h e r a l  in  Se U S f .  T h is  c o n t r a d i c t s  th e  p re c e d in g  rem ark ; 
hence e ^  F and th e  p r o o f  i s  c o m p le te .
2
3 .4  lemma. L e t  R deno te  th e  tw o -d im e n s io n a l  E u c l id e a n  p la n e .
2Suppose N i s  a c lo s e d  t o t a l l y  d is c o n n e c te d  s u b s e t  o f  R c o n t a in in g  
a d i s t i n g u i s h e d  p o in t  p .  Then t h e r e  e x i s t s  a compact h e ig h b o rh o o d  
M o f  p s a t i s f y i n g :
k l
< i)  F(M) n N = □  ;
( i i )  F(M) i s  co n n e c te d ;
( i i i )  i f  C i s  any conn ec te d  s u b se t o f  M c o n t a in in g  F(M) and D 
i s  a component o f  M\D, then  D i s  homeomorphic to  the  
open u n i t  d i s k .
P r o o f . S ince  p i s  a component o f  N, p i s  a q u a s i-c o m p o n e n t;
hence th e r e  e x i s t s  an open s e t  U c o n t a in in g  p such t h a t  llv‘ i s
compact and F(U) fl N = □  [K u r a to w s k i ;  19^+8]. The component
V o f  U c o n t a in in g  p s a t i s f i e d  ( i )  V i s  open and ( i i )  F(V) C F( U) ;
so i t  may be assumed t h a t  U i s  c o n n e c te d .  L e t  (Dn : n e 1} deno te
2, ...
the  f a m i l y  o f  components o f  R XU'". S in c e  U" i s  compact th e re  i s
2 \e x a c t l y  one unbounded component, c a l l  i t  Dq , o f  R \U ‘ . L e t
M = U(D : n € 1 D 4 D } U U *.  C le a r l y  R2 Vl = D ; and s in c e  n n o o
Dq i s  open, M i s  c lo s e d .  M oreover s in c e  Dq i s  th e  un ique
2
unbounded component o f  R \U , M i s  bounded. T h e re fo r e  M i s  a
compact ne ighb o rh ood  o f  p .  I f  x  e MNfV3, then  x  ^  Dn f o r  any
component D o f  R \U "  s in c e  each D i s  o pe n . Hence x  e U .n n
But U £ M °  so x  {  U and i t  f o l l o w s  t h a t  F(M) e F ( U ) .  T h e re fo re
F(M) O N  = D a n d  ( i )  i s  v e r i f i e d .
C o n s id e r  the  M a y e r - V ic t o r i s  sequence,
-  H°(M) x  H °(R 2Y l * )  -  H°(M n (R2\ M ) " )  -  H *(R2 ) -  •
S ince  R2\ m = Dq , (R2\M ) *  i s  c o n n e c te d .  I t  i s  c l e a r  t h a t  M i s  
connected  and i t  f o l l o w s  t h a t  H°(M n (R2\M ) * )  = 0 ;  i . e . ,  F(M) 
i s  c o n n e c te d .  T h is  shows t h a t  ( i i )  h o ld s .
h i
Now suppose t h a t  C is  a c lo s e d  connec ted  s u b se t o f  M c o n t a in in g  F(M)
and t h a t  D i s  a component o f  M\C. Then D i s  open r e l a t i v e  t o  M,
D f l F(M) = □  , and so D i s  open . We s h a l l  show t h a t  R ^ D  i s
c o n n e c te d .  Suppose Q i s  some component o f  M \D . I f  Q.H C = □  ,
then  Q C  M\C and Q i s  c o n ta in e d  i n  some component D 1 o f  M\C.
C le a r l y  D 1 i s  c o n ta in e d  in  M\D and hence D 1 = Q.. Bu t Q i s
c lo s e d  in  M s in c e  M\D i s  c lo s e d ,  and D 1 be ing  a component o f
M\C i s  open . T h e re fo re  Q. i s  open and c lo s e d  i n  M, a c o n t r a d i c t i o n .
Thus Q f|  C ^  □ .  T h e re fo re  M\D i s  c o n n e c te d ,  and i t  f o l l o w s  
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t h a t  R \D  i s  connec ted  [R u d in ;  1966 p .  2 6 2 ] .
. .We now proceed to  th e  main theorem  o f  t h i s  c h a p te r .
3 .5  Theorem . L e t  S be a c on t in uum  s a t i s f y i n g  S = ESE. I f
e i s  a ^ -m a x im a l  id e m p o te n t  o f  S and i s  t o t a l l y  d is c o n n e c te d ,
then  e does n o t  l i e  in  any tw o -d im e n s io n a l  E u c l id e a n  n e ig h b o rh o o d .
P r o o f . Suppose e i s  an e le m e n t  o f  a tw o -d im e n s io n a l  E u c l id e a n
n e ig h b o rh o o d  V . S ince  i s  t o t a l l y  d is c o n n e c te d ,  e 4. K .  L e t
M be a compact n e ig h b o rh o o d  o f  e s a t i s f y i n g  th e  c o n c lu s io n s  o f
lemma 3 . ^  (N i s  ta ke n  to  be fl f| V ) . By rem ark  0 .7  S fl. i s  a6 ©
m axim al i d e a l  o f  S; and s in c e  M n i?e = □  » th e  i d e a l  SF(M)S i s  
i s  c o n ta in e d  i n  S \$ e * M o re ove r ,  F(M) e  SF(M)S s in c e  S =  ESE.
Now because F(M) i s  co n n e c te d ,  th e  s e t  C = S F (M )S n  M i s  c o n n e c te d .  
L e t t i n g  D den o te  th e  component o f  M\C c o n t a in in g  e  we have t h a t  
D i s  homeomorphic t o  th e  open u n i t  d i s k  o f  R .
L e t  J = SF(M)S, and c o n s id e r  th e  Rees q u o t i e n t  m odulo J
w i t h  n a t u r a l  map p  : S -* S / J .  C l e a r l y  p (D ) i s  homeomorphic t o  
D, so p  (D) i s  homeomorphic t o  th e  open u n i t  d i s k  i n  R . I t  i s
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r e a d i l y  v e r i f i e d  t h a t  p(D) is  open in  S/J and th a t  p(D) \p (D )  = p ( J ) ;
i . e . ,  the boundary o f  p(D) in  S/J is  a p o in t .  T h e re fo re  p(D)*' i s  
homeomorphic to  the 2 -s p h e re .  The hypotheses o f  lemma 3 .1  are
s a t i s f i e d  w i th  A = p(D)'* , B = S / j \ p ( D ) , and so p (D )% is  the unique
2 * f l o o r  o f  some e lem ent hQ in  H (S /J )  . Put p(E) e p(D),c i s  a maximal
idem poten t in  S /J ,  a c o n t r a d ic t i o n  to  c o r o l l a r y  3 .3 .  Thus the
assumption t h a t  e belongs to  a tw o -d im en s iona l E u c lid ean  ne ighborhood
is  f a ls e ,  and the  p ro o f  i s  com p le te .
• Now app ly ing ,  the  r e s u l t s  o f  c h a p te r  1, we h a ve ;th e  f o l l o w in g
c o r o l l a r i e s .
3 .6  C o r o l l a r y . L e t  S be a continuum  w i th  S = ESE, and suppose 
e i s  a maximal idem potent in  S. I f  H0 i s  t o t a l l y  d isconnec ted  and 
e has a 2 -d im e n s io n a l E u c lid e a n  ne ighborhood; V, then S » K.
P ro o f . I f  S 4 K, by theorem 1.29 pj V is  t o t a l l y  d isconne c ted ;  
f o r  o th e rw is e  fl would be a lo c a l  s e p a ra t in g  s e t  o f  S a t  some p o in t(r g
o f  g. n T h is  c o n t r a d ic ts  theorem 3 .5 ,  and the  p ro o f  i s  com p le te .
3 .7  C o r o l l a r y . Le t S be a continuum w i th  S = ESE and S = SeS 
f o r  some idem poten t e in  S. I f  e has a 2 -d im e n s io n a l E uc lidean  
ne ighborhood V, then S = K .
P ro o f . S ince H i s  nowhere dense, H fl V is  t o t a l l y  d is c o n n e c t -  © ©
ed. Indeed i f  the  component 6 o f  H fl V c o n ta in in g  e were non-
O  6
degenera te  then GQ would be a :one-d im ens iona l compact a b e l ia n
group and hence would sepa ra te  sm a ll ne ighborhoods o f  e .  Again
by us ing  the  f a c t  t h a t  H is  nowhere dense, t h i s  im p l ie s  t h a t  H© ©
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Would be a lo c a l  s e p a ra t in g  s e t  o f  S a t  some p o in t  H£ 0 V. T h is  
c o n t r a d ic t s  theorem 1 , 2 6 , and th e r e fo re  He i s  t o t a l l y  d is c o n n e c te d .  
But t h i s  c o n t r a d ic t s  c o r o l l a r y  3 .6 ,  and the  p ro o f  i s  com p le te .
The f o l l o w in g  c o r o l l a r y  c o n ta in s  a r e s u l t  o f  Brown [19613, 
s t a t i n g  t h a t  a maximal e lem ent in  a semi l a t t i c e  on the  two 
must be on the  boundary.
3 .8  C o r o l l a r y . L e t  S be a continuum s a t i s f y i n g  S = ESE, and
suppose e is  a maximal e lement o f  S. I f  S i s  a subse t o f  the p lane
2 2 R , S ft K, then e l i e s  on the  boundary o f  S in  R .
P r o o f . I f  H i s  t o t a l l y  d isconne c ted ,  the c o n c lu s io n  
fo l lo w s  from c o r o l l a r y  3 .7 .  O the rw ise  e l i e s  on a c i r c l e  
subgroup G o f  H which sepa ra tes  R . But G does n o t  sepa ra te0 6 Q
S (theorem  0 .1 1 ) ,  and the c o n c lu s io n  f o l l o w s .
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